WB AVASANTHASKANDASAMM, 


NONFASSOCTATIVE 
LTNEAR 
ALGEBRAS 


NON ASSOCIATIVE 
LINEAR ALGEBRAS 


W. B. Vasantha Kandasamy 
Florentin Smarandache 


ZIP PUBLISHING 
Ohio 
2012 


CONTENTS 


Preface 


Chapter One 
BASIC CONCEPTS 


Chapter Two 
NON ASSOCIATIVE SEMILINEAR ALGEBRAS 


Chapter Three 
NON ASSOCIATIVE LINEAR ALGEBRAS 


Chapter Four 
GROUPOID VECTOR SPACES 


83 


111 


Chapter Five 
APPLICATION OF NON ASSOCIATIVE VECTOR 
SPACES / LINEAR ALGEBRAS 


Chapter Six 

SUGGESTED PROBLEMS 
FURTHER READING 
INDEX 


ABOUT THE AUTHORS 


161 


163 


PREFACE 


In this book authors for the first time introduce the notion of non 
associative vector spaces and non associative linear algebras over a 
field. We construct non associative space using loops and groupoids 
over fields. 

In general in all situations, which we come across to find solutions 
may not be associative; in such cases we can without any difficulty 
adopt these non associative vector spaces/linear algebras. Thus this 
research is a significant one. 

This book has six chapters. First chapter is introductory in nature. 
The new concept of non associative semilinear algebras is introduced in 
chapter two. This structure is built using groupoids over semifields. 
Third chapter introduces the notion of non associative linear algebras. 
These algebraic structures are built using the new class of loops. All 
these non associative linear algebras are defined over the prime 
characteristic field Z,, p a prime. However if we take polynomial non 
associative, linear algebras over Z,, p a prime; they are of infinite 
dimension over Zp. 

We in chapter four introduce the notion of groupoid vector spaces of 


finite and infinite order and their generalizations. 


Only when this study becomes popular and familiar among 
researchers several applications will be found. The final chapter 
suggests around 215 problems some of which are at research level. We 
thank Dr. K.Kandasamy for proof reading and being extremely 


supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


BASIC CONCEPTS 


In this chapter we just recall the notion of two basic structures 
viz; groupoids and loops. We have used Z, = {0, 1, 2, ...,n- 1} 
= {2o, Si, ---» Zni} to be the ring of modulo integers. We define 
an operation * on Z, as follows; for gi, g; € Zn, 
gi * gj = tei + US) = Bei + uj mod) 
where t, u € Z,. 
{Z,, *, (t, u)} is a groupoid of order n. 


Depending on t, u € Z, we can get different types of 
groupoids. 


For more about these groupoids please refer [35]. 


Example 1.1: Let G = {Zio, *, (7, 3)} be a groupoid of order 
10. If 23, 21 € Zio then 3 *g = 23.7+1.3(mod10) = 24 © Zio. 


It is easily verified * on Z, is non associative and non 
commutative. 


Example 1.2: Let G = {Zy, *, (4, 6)} be a groupoid of order 
12. 


Example 1.3: Let G = {Zj3, *, (1, 9)} be a groupoid of order 
13. 


Example 1.4: Let G = {Zuo, *, (19, 0)} be a groupoid of order 
4O. 


Now using these type of groupoids built using Z, we 
construct matrix groupoids, polynomials with groupoid 
coefficients and polynomials with matrix groupoids under the 
groupoid operation ‘*’ on Z,. 


We will illustrate all these situations only by examples. 
Example 1.5: Let 
G= {(gi, 22, 83, 24) | gi © Zis, *, (2, 7); 1Sis4} 


be a row matrix groupoid. If x = (g7, go, 21, Yo) and y = (3, 2, 
24, Zo) are in g then 


xX * y = (7, Yo, Zi, Bo) * (83, Br, Bas Bo) 
= (27 * 23, Bo * go, Bi * B4, Bo * Bo) 
= (214421 (mod 15)> 318414 (mod 15)» 22+28 (mod 15)» 20+42 (mod 15)) 
= (85, 22, Zo, Zi2) € G. 


Thus G is a row matrix groupoid. 


Example 1.6: Let 


G= 4/8, || Si B Sk Sv Bs © Zoo, (10, 4), *} 


be a column matrix groupoid. 


g) is 
84 87 
For any x= |g, | andy=]| g, | € G; 
87 8 
| 8s | 10 
a sie | rs cesbatasdiny 8 
84 *8, 8 40+28(mod 20) 8s 
X * y=] 25 * Bq | =| Scor36«mod2) | = | Bie | € G- 
&,*2, 870+4(mod 20) S14 
L Ss * Bio | | $80+-40(mod20) 80 


Thus G is a groupoid. 


Example 1.7: Let 


a; € Z7; (2, 5), 1<i< 18} 


be a matrix groupoid. 


Example 1.8: Let 


a, a, 4, 
H=4|a, a, a, ||ai © Za; (3, 12),*, 15159} 
a, ag ay 


be a matrix groupoid. 


Now we can proceed onto define polynomial with 
coefficients from the groupoid. 


We illustrate this situation by some examples. 


Example 1.9: Let 


aj € Zy¢6; *, (3, 8)} 


M= {Zax 


i=0 


be a polynomial groupoid. 


Example 1.10: Let 


aj € Zi2; *, (9, 0)} 


T= [Zax 


i=0 
be a polynomial groupoid. 


Example 1.11: Let 


P= {ax a, € Zi3; *, (3, 3)} 


i=0 


be a polynomial groupoid. 


Now we can have polynomial groupoids with matrix 
coefficients from the groupoid. 


Example 1.12: Let 


aj = (Ky, X2, ..., X15) 


M= {Sax 
i=0 
where x; € Zj2; *, (3, 4), 1 <j < 15} 


be a polynomial groupoid with row matrix coefficients. 
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Example 1.13: Let 


Yi 


‘las e where yj € Zio; *, (7, 0), 1 $j $9} 


Yo 


be a polynomial groupoid with column matrix coefficients. 


Example 1.14: Let 


ty, ae 
ak ae a 
ty. Mig’ 2 

t 


aj = 


P= {s ax 
i=0 


13 ty ts tie 
where t; € Zo; *, (17, 13), 1 Sj < 16} 


be a polynomial groupoid with square matrix coefficients. 


Example 1.15: Let 


2 m, =m, M9 

M= {Sa a=|m,, mM, 11 
i=0 

m,, M,, M55 


where mj € Zo; *, (10, 1), 1 <j < 30} 


be a polynomial groupoid with matrix coefficients. 
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Example 1.16: Let 


P= 3 a,x’ 
i=0 


t, ¢ 
aj |! j where t¢€ Za35 7°43; 0), 1:5) 54} 


3 4 
be a polynomial groupoid with square matrix coefficients. 


We just recall the definition of the new class of loops 


L,(m) {e, 1, 2, ..., n with *, m, n> 3 and n odd} 


{e, 21, 22, -..5 Za With *, m 


(where g; € Z,3 2) = 1, & =2, ..., Zr = 0) where 1 <m<n 
such that [m, n] = 1, [m— 1, n] = 1, n>3 and n odd}. 


For gi, g; € Ly(m) define gj * 9; = gim-1yi + Mj (moan) € La(m). 


L,(m) is a loop of order n + 1 that is L,(m) is always of 
even order greater than or equal to 6. For more about these 
loops please refer [37]. 


All properties discussed in case of groupoids can be done 
for the case of loops. However the resultant product may not be 
a loop in general. For the concept of semifield refer [41]. We 
will be using these loops and groupoids to build linear algebra 
and semilinear algebras which are non associative. 
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Chapter Two 


NON ASSOCIATIVE SEMILINEAR 
ALGEBRAS 


In this chapter we for the first time introduce the notion of non 
associative semilinear algebra and illustrate them will examples. 


DEFINITION 2.1: Let (V, *) be a groupoid. F a semifield. We 
say V is a nonassociative semilinear algebra over F if the 
following conditions are true. 

(i) Forallv € Vanda é F,aveé V. 

(ii) For alls € Fandu, v € Vs (u * vy) = su * sv 

(iii) lu =uforallueé V; 1 EF 


or equivalently we define a non associative semilinear algebra 
V over a semifield F as follows: 


(i) (V, *) is groupoid 

(* anon associative binary operation on V). 
(ii) For ally € Vanda é€ Fave V. 
(iii) s (u * v) = su * sv forall s € F and u, v € V. 
(iv) l.u=uforallu € Vand 1 € F. 


We will illustrate this situation by some examples. 
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Example 2.1: Let (Q* U {0}, *, (8, 7)) = G be the groupoid. 
G is a non associative semilinear algebra over the semifield 


Qu {0}. 


It is interesting to note that G is not a non associative 
semilinear algebra over R* U {0}; however G is a non 
associative semilinear algebra over Z* U {0}. 


Example 2.2: Let V = {3Z* U {0}, *, (3, 11)} be a groupoid 
and S = Z* U {0} be a semifield. V is not a non associative 
semilinear algebra over the semifield Q* U {0} or R* U {0}. 

Example 2.3: Let M = {(a, b, c) la, b, ce Z* U {0}, *, (7, 1D} 
be a non associative semilinear algebra over the semifield S = 


Z* U {0}. 


Example 2.4: Let 


a, b,c, d,ee Q* U {0}, *, (4, 9)} 


vu 
ll 
oan oF Bf 


be a non associative semilinear algebra over the semifield S = 


Qu {0}. 


Example 2.5: Let 


ay By ay oe 
R = 1 2 3 4 
a; a a; ag 
be a non associative semilinear algebra over the semifield S = 
ZU {0}. 


aye. OP {0},.*; (1,3) 
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; 7 2 4 7/5 
For if x = and 
0 2/5 0 4/3 


fo 1 2 8/3 
11/2 0 2/7 0 


| € R then 


7 2 4 7/5 0 1 2 8/3 
x*y = * 
0 2/5 0 4/3 1/2 0 2/7 O 


ea! 21 4*2  7/5*8/5 
|O*1/2 2/3*0 OF 2/7 4/3*0 


[77 25 50 117/5 
Ee 
[3/2 22/5 6/7 44/3 


: qT 2. 4715 
Also if 20 € S then 20.x = 20 x 


0 2/5 0 4/3 


140 40 80 28 
= E 
0 8 O 80/3 


Example 2.6: Let 
V=4/a, a, a, }{ae R’U {0}, 1<i<9, *, (3, 2)} 


be a non associative semilinear algebra over the semifield 
S$=0" {0}. 
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a, 
Consider x = | a, 
a, 
then 
3a, + 2b, 
x *y =| 3a,+2b, 
3a, + 2b, 
Example 2.7: Let 
[ a, a 
a, 4, 
V=i|a, a, 
Axo ay 
a3 a4 


be a non associative semilinear algebra over the semifield S = 


Q* u {0}. 


Now having seen examples of non associative semilinear 


3a, + 2b, 
3a, 
3a, 


2 


«| andy= 


+ 2b. 
+ 2b, 


algebras, we proceed onto define substructures. 


De? se 
8 b, 
e€ V. 


aie R*U {0}, 1<i< 15} 


DEFINITION 2.2: Let V be anon associative semilinear algebra 
defined over the semifield F. Suppose W CV be a proper subset 
of V; if W itself is a non associative semilinear algebra then we 
define W to be a non associative semilinear subalgebra of V 


over the semifield F. 


We will first give examples of them. 
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Example 2.8: Let 


es {; | 
a, a, 
be a non associative semilinear algebra over the semifield S = 
Ze. dO}, 


a; € ZU {0}, *, (3, 13), 1<i<4} 


Consider 


{ 0 | 
Wi= 
a, a, 


W, is a non associative semilinear subalgebra over the semifield 
Se7' oA0h 


wel a 


is a non associative semilinear subalgebra of V over the 
semifield S. 


a, € Zu {0}, *, (3, 13), 1<i<3} CV, 


ai € Zu {0}, *, (3, 13), 1<i<2} CV 


Now 


0 0 
Wi nNW2= 
Oa 


is again a non associative semilinear subalgebra of V over the 
semifield S. 


eZ ws {0),%,G. 1) boy 


Suppose 


well? 


be a non associative semilinear subalgebra of V over S. 


a: € ZU {0}, *, (3, 13), 1<is2} CV 
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0 0 
We see W2 7 W;3 = fe |: However W> + W3 # V we 


cannot call this as a direct sum of non associative semilinear 
subalgebras of V over S. 


THEOREM 2.1: Let V be a non associative semilinear algebra 
over the semifield S. Suppose W), W2, .... W; be t non 
associative semilinear subalgebras of V over S. 


t 
(i) (\w, = Wis anon associative semilinear subalgebra of 
i=] 


Vor (0). 


t 
(ii) Jw, in general is not a non associative semilinear 
i=] 
algebra over V. 


The proof of this theorem is direct and hence is left as an 
exercise to the reader. 


Example 2.9: Let V = {(aj, a2, a3, a4) la; ¢ Z* U {0}; 1 Si <4, 
(8, 9), *} be a non associative semilinear algebra over the 
semifield S = Z* U {0}. 


Consider 
W, = {(aj, a2, a3, a4) la; € 3Z* U {0}; 1 <i <4, (8,9), *} CV 
and W> = {(aj, a2, a3, a4) lay € SZ” U {0}; 1 Si < 4, (8, 9), *} c 
V be two non associative semilinear subalgebras of V over S = 
Z U {0}. We see W; A W2 = { (a, az, a3, a4) 1a € 15Z* U {0}; 
1<i< 4, (8, 9), *} c V is a non associative semilinear 
subalgebra of V over S = Z* U {0}. 


But W; U Wp = {(aj, a2, a3, a4) | aj € 5Z* U {0}; 1 Si <4, 
(8, 9), *} c V is only a subset for take x = (3, 3, 0, 0) and y = 
(5,5,5,0)€ W; U W2 


x*y = (3,3, 0,0) *G, 5, 5, 0) 
= (5*5,, 379,073,070) 
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= (69, 69, 45, 0) € W; U W2 so W; U W; is not a non 
associative semilinear subalgebra of V over S = Z* U {0}. 


We cannot say for any non associative semilinear algebra V 
over a semifield S; V is a direct sum of non associative 
semilinear subalgebras or pseudo direct sum of non associative 
semilinear algebras as it is a difficult task. 


Example 2.10: Let 


V= {Sax aj € Zo 103,77 Os7)} 


i=0 


be a non associative semilinear algebra over the semifield Z* U 
{0} =S. Take x =9 + 20x’ + 3x° and y = 3x + 2x’ + 4x°4+7 in 
V: 


x * y =(9 + 20x” + 3x°) * (3x + 2x” + 4x? + 7) 

9 * 3x + 20x” * 3x + 3x? * 3x + 9 * 2x” + 20x’ * 
2x? + 3x? * 2x7 + 3x? ¥ 4x34 9 * Ax? + 20x? * 4x3 + 
9 *7 + 20x? *74+ 3x? *7 

A8x + 81x? + 30x* + 41x? + 74x? + 23x* + 37x° + 
57x° + 88x° + 76 + 109x” + 58x° 

76 + 48x + 150x7 + 196x? + 127x* + 88x° + 37x°. 


Thus it is easily verified x * y # y * x. 


Example 2.11: Let 


a; € R*u {0}, *, 3/2, V2)} 


i=0 


V= [Zax 


be a non associative semilinear algebra over the semifield S = 
Z is {0}. 
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Example 2.12: Let 


ae Q U {0}, (7, 3)} 


M= ps a,x’ 
i=0 


be a non associative semilinear algebra over the semifield S 


Q*u {0}. 
Example 2.13: Let 


a € Z" U {0}, *, (9, 0)} 


P= {Sax 


i=0 


be a non associative semilinear algebra over the semifield S = 
ZU {0}. 


Example 2.14: Let 


a; € Q*u {0}, *, (9/7, 0)} 


T= {Sax 
i=0 


be a non associative semilinear algebra over S = Z* U {O}, the 
semifield. 


Take p(x) = 35 + 8x + 9x” and q(x) = 40 + 7x? + 14x? + 
45x° in T. 


p(x) * q(x) = (35 + 8x + 9x”) * (40 + 7x” + 14x? + 45x°) 
= (359) / 7 + (8/7) x 9x + 9°x?/ 7 
= 45 + (72/7)x + (81/7)x’ € T. 


Example 2.15: Let 


a; € Z* U {0}, *, (2, 2)} 


i=0 
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be a non associative semilinear algebra over the semifield S = 
Zr piOy, 


Consider p(x) = 3 + 2x + x, q(x) =1+ Ax? and r(x) = 2+7x 
inM. 


(p(x)) * (q(x) * r(x)) 

= p(x) * [(24+4) + (2+14)x + (84+4)x? + (8414)x?] 

= p(x) * (6 + 16x + 12x” + 22x?) 

= (3 + 2x + x°) (6 + 16x + 12x” + 22x°) 

= (6 + 12) + (6 + 32)x + (6 + 24)x’ + (6 + 44)x? + 
(4412)x + (4432)x? + (4424)x? + (4 + 44)x* + 
(24+12)x> + (2+32)x* + (2 + 24)x° + (24+44)x° 
18 + 38x + 30x” + 50x? + 16x + 36x” + 28x? + 48x* + 
14x? + 34x* + 26x° + 46x° 
= 184+ 54x + 116x” + 42x? + 82x* + 26x° + 46x° 


(p(x) * q(x)) * r(x) = 

= ((3 + 2x + x’) * (14+4x’)) * (2 + 7x) 

= ((6+2)+(4+2)x + (2 + 2)x? + (6 + 8)x’ + (4+ 8)x° 
+ (2 + 8)x°) * (2 + 7x) 

= (8 + 6x + 14x” + 16x* + 10x”) * (2 + 7x) 

= (16+ 4) + (12 + 14)x’+ (16 + 14)x + (44 12)x + 
(28 + 4)x? + (28 + 14)x? + (32 + 4)x? + (20 + 4)x° + 
(32 + 14)x* + (20 + 14)x°®. 

= 20 + 46x + 58x” + 78x° + 46x* + 24x° + 34x°. 


Clearly p(x) * (q (x) * r (x)) # (p(X) * q(x)) * r(x). 


Thus M is a non associative semilinear algebra of 
polynomials over the semifield. 


Now we proceed onto define strong non associative 
semilinear algebras over the field. 


DEFINITION 2.3: Let V = {G, *, (t, u)} be a groupoid. F be any 


fields, V is a strong non associative semilinear algebra over the 
field F if the following conditions are satisfied. 
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(i) For every x € Vanda € F 
ax = xa € V. 
(ii) a (x*y) = ax * ay for alla € Fandx, y € F. 
(iii) For 1 € F, l.v=vforally € V. 
(iv) 0. v= 0 forall v € Vand0 é€ F. 


We give examples of them. 


Example 2.16: Let V = {Q, *, (7, 3)} be a groupoid; V is a 
strong non associative semilinear algebra over the field Q. 


Example 2.17: Let V = {R, *, (0, 8)} be a strong non 
associative semilinear algebra over the field Q. 


Example 2.18: Let M = {R, *, (7, 7)} be a strong non 
associative semilinear algebra over the field Q. 
Take 2, 3,5 € R. 2 * (3 *5) =2 * (21435) =2 * 56 
=14+56x7 
= 14+ 392 = 408 


Now (2 * 3) * 5 =(144+21)*5 
=35'":5 
= 245 + 35 
= 280. 


Clearly (2 * 3) *5 #2 * (3 * 5). Thus M is a strong non 
associative semilinear algebra over the field Q. 


Example 2.19: Let T = {R, *, (2, 5)} be a strong non 
associative semilinear algebra over the field R. 


Example 2.20: Let P = {Q, *, (3/2, 7/9)} be a strong non 
associative semilinear algebra over the field Q. 


Example 2.21: Let S = {(a, b, c, d) 1a, b, c, d, € Q, *, (8, 11)} 


be a strong row matrix non associative semilinear algebra over 
the field Q. 
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Example 2.22: Let 
M = {(aj, a2, a3) la; Ee Q, 1 <i < 3, *, (10, 3)} be a strong 
row matrix non associative semilinear algebra over the field Q. 


Example 2.23: Let M = {(m), mp, ms, My, Ms, Ms, M7, Mg, Mo) | 
m € R, 1 <i< 9, *, (0, 19)} be a strong row matrix non 
associative semilinear algebra over the field Q. 


Example 2.24: Let 

T = {(t, ty, ts, 4) Itie R, 1 <1<4, *, (G/7, 19/5)} 
be a strong row matrix non associative semilinear algebra over 
the field Q. 


Example 2.25: Let 


P= la, ||ae R, 1Si<5, *, (3, V7)} 


be a strong column matrix non associative semilinear algebra 
over the field Q. 


Example 2.26: Let 
b, 
b, : 
s= = || (bre Q) 1s 4520; % 0; 7/11} 


Dao 


be a strong non associative semilinear algebra of column 
matrices over the field Q. 
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Example 2.27: Let 


P=4/t, ||tteR,1<is10, * (V3, VI1)} 


be a strong column matrix non associative semilinear algebra 
over the field Q (or R). 


Example 2.28: Let 
S= a, € Q, 1 <1i< 12, *, 3, 13)} 


be a strong square matrix semilinear algebra over the field Q. 


Os 22 1 0 1 
Considerx=/|3 O 1] andy=/0 2 OjinS. 
1 1 0 1 2 0 


13 3 19 
x*y=|9 26 13] eS. 
16 29 0 


It is easily verified ‘*’ is a non associative operation on S. 
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Example 2.29: Let 


S= la, |lae Q1<i<5,* G.0)} 


be a strong non associative column matrix semilinear algebra 
over the semifield Q. 


J 
as 


N 


For x = | a, | and y= 


Ww 
m 
a 


& 


2 
Ny 
TTT St 


Ww 


x *y= |3a,| €S, 


“*° is clearly a non associative operation on S. 


and z = in S. 


YN uszNwv Oo 
nk WN 


3 
2, 
For take x =| 0], y= 
1 
5 
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Consider x * (y*z) = 


Aa ON W 
* 

1 
oe a WO) 
ae 

* 
Loe) — 

J 


31014) aa] 
21 2 Z 
If we take (x*y)*z = || 0|*| 4] | *| 3 
i Pe) 4 
Ds oF 5 


Il 
1 
non ON Oo 
| 
* 
1 
n WN 
(ee ey 


15 


Cleary x* (y*z) # (x*y)*z. 
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Thus S is a strong non associative column matrix semilinear 
algebra over the field Q. 


Further x * y # y * x, for consider 


9 0 
6 6 
x*y =| O | and y*x = | 12 
3 15 
15 21 


so that ‘*’ operation on S is also non commutative. 
Example 2.30: Let 
,/{ae Q, 15156, *, (2,2)} 
de Be 


be a strong non associative matrix semilinear algebra over the 


field Q. 


ae | tL 2 
Considerx=|0 2] andy=/3 4] inM. 
5 4 nD 
8 6 
x*y=| 6 12] and 
20 20 
be 2 ae | 8 6 
y*xx=|3 4/* |0 2)/=|/6 12 
5 6 5 4 20 20 
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y*x = x*y and is in M. 


4 2 
Take x * (y * z); wherez=|6 1] isinM. 
0 3 


3 1 10 8 26 18 
x *(y*z)=|0 2] *|18 10) =| 36 24). 
5 4 10 18 30 44 


8 6 4 2 24 20 
Consider (x*y)*z=|] 6 12]}*/6 1)=/]24 14). 
20 20 0 3 40 46 


We see x * (y*z) # (x*y)*z. 


Thus M is a strong non associative matrix semilinear 
algebra over the field Q. 


Now having seen examples of strong non associative matrix 
semilinear algebras defined over the field Q we now proceed 
onto give substructures. The definition of the strong non 
associative matrix semilinear subalgebra is a matter of routine. 


We give one or two examples of them. 


Example 2.31: Let M = {(aj, a, a3) 1a; € Q, 1 <i <3, *, (8, 1} 
be a strong row matrix non associative semilinear algebra over 
the field Q. Clearly P = {(a, 0, 0) la e€ Q, *, (8, 1)} C M is not 
a strong row matrix non associative semilinear algebra over the 
field Q. 


Consider R = {(a, a, a) | a € Q; *, (8, 1)} C M is a strong 
row matrix non associative semilinear sub algebra of M over Q. 
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For if x = (a, a, a) and y = (b, b, b) are in P then 
x * y = (a, a, a) * (b, b, b) = (8a + b, 8at+b, 8at+b) e€ P further if 
t € Q then tx = (ta, ta, ta) € P hence R is a strong row matrix 
non associative semilinear subalgebra of M over Q. 


Example 2.32: Let 
a 
T=] °? llae R,1<i< 10, *, (5, 0)} 


Ai9 


be a strong column matrix non associative semilinear algebra 
over the field R. 


Consider 


S= : ae R, *,6,0)} CT, 


a 


S is a strong column matrix non associative semilinear 
subalgebra of T for if 


a b 
a b 
x=]. | andy=| . | then 
a b 
5a 
5a 
x*y=/] .|eS, 
Sa 


29 


ta 
further ift e Rthentx=]|] . | eS, 


ta 


thus S is a strong column matrix non associative semilinear 
subalgebra of T over R. 


We see 


a, be-Ry*% ©; 0)}-eT 


cTronaoooqoqoqj#c§o;o 


is also a strong column matrix non associative semilinear 
subalgebra of T over the field R. 


Now having see strong matrix non associative semilinear 
subalgebras, we can also have the notion of quasi strong matrix 


non associative semilinear subalgebra over a subfield. 


We give a few examples of them. 
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Example 2.33: Let 


a, a 
V = 1 2 
a, ay 
be a strong non associative matrix semilinear algebra over the 
field R. 


a € R, 1 <i <4, *, (2,5)} 


Consider 


a {; | 
a, a, 
W is a quasi strong matrix non associative semilinear 
subalgebra of V over Q. Q a subfield of R. 


a€ Q,151<4, *, @,5)} CV, 


Example 2.34: Let 


ie ral 
a, ay 
M=j,/a, a, |jae R,1<i< 10, *, (5, 10)} 
an - iy 
Las Ayo | 


be a strong non associative quasi semilinear algebra over the 
field Q. Clearly M_ has no quasi strong non associative quasi 
semilinear subalgebras as Q has no subfield so we define M to 
be quasi simple. 

In view of this we have the following theorem. 


THEOREM 2.2: Let V be a strong non associative semilinear 


algebra over the prime field F. V has no quasi strong non 
associative semilinear subalgebras so V is quasi simple. 
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COROLLARY 2.1: Let V be strong non associative semilinear 
algebra over the non prime field F (F has subfields). V is not 
quasi simple. 

The proof is direct and hence left as an exercise to the 
reader. 


Now we can have strong non associative semilinear 
algebras using polynomials and the operation on_ the 
polynomials forms only a groupoid. 

We will give only examples of them. 

Example 2.35: Let 


aj € R, Fi, (3, 19)} 


i=0 


S= [Zax 


be a strong non associative polynomial semilinear algebra over 
the field R. S is not quasi simple. 


Example 2.36: Let 


aj € Q, *, (2, 0)} 


M= [Zax 
i=0 


be a strong non associative polynomial semilinear algebra over 
the field Q. M is quasi simple. 


Example 2.37: Let 


ae Q, ue (3, 3)} 


P= {s ae 
i=0 


be a strong non associative polynomial quasi simple semilinear 
algebra over the field Q. 
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Example 2.38: Let 


M= [Zax 


ai € R, *, 3, 9)} 


i=0 


be a strong non associative polynomial semilinear algebra over 
the field Q. M_ has strong non associative polynomial 
semilinear subalgebras over the subfield Q of R. 


Example 2.39: Let 


aj = (mj, m, ..., m7); m; € Q, *, (8, 0)} 


M= ps Ag 
i=0 


be a strong non associative row matrix coefficient quasi simple 
semilinear algebra over the field Q. 


Example 2.40: Let 


aj = (nj, My, ..., Mio); nj € R, *, 1 <j < 10; G, 3)} 


P= {x a,x' 
i=0 


be a strong non associative row matrix coefficient polynomial 
semilinear algebra over R. P is a commutative non associative 
semilinear algebra over R. 


Example 2.41: Let 


a; = (t, te, ts); j € Q, *, 1 Sj 53; (29, 7)} 


i=0 


be a strong non commutative non associative row matrix 
coefficient polynomial semilinear algebra over the field R. 


Now we can construct column matrix coefficient 


polynomial semilinear algebra over field F; we give a few 
examples of them. 
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Example 2.42: Let 


m, 
Be 2 
M= {Sax aj =| .” |;meR,*,1<j<12;(0,9)} 
i=0 : 
m,> 


be a_ strong column matrix coefficient polynomial non 
associative semilinear algebra over the field Q. Clearly M is 
non commutative and non associative. 


Example 2.43: Let 


t 
a =|? [she R,* 1<j<20; (V5,V5)} 


M= [Zax 
i=0 


20 


be a strong commutative non associative column matrix 
coefficient polynomial semilinear algebra over the field Q. 


Example 2.44: Let 


S= {Bax 


i=0 


ai =|? |: me Q,* 1<j< 26; 3/7, 19/2)} 


M46 


be a strong non commutative non associative column matrix 
coefficient semilinear algebra over the field Q. 


Now we can have any matrix coefficient polynomial non 
associative semilinear algebra over a field. 
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We give a few examples of them. 


Example 2.45: Let 


m F 
a=]. . : ;m;€ R, *, 1 $j $30; 


M= 3 as 
i=0 


Mg M49 m 


(3, 0)} 


be a strong non associative matrix coefficient polynomial 
semilinear algebra over Q. 


Example 2.46: Let 


aj = (X1, X2, X3, X4); x} € Q, *, 1 Sj <4; (7, ID} 


T= {Sax 


i=0 


be a strong non associative semilinear algebra with row matrix 
coefficient polynomials over the field Q. 


Take p(x) = (2, 0, 1, 5) + (0, 3, 0, 1)x + (J, 1, 0, 2)x? and 
q(x) = (1, 1, 0, 0) + (3, 0, 1, 0)x” + (0, 1, 1, 0)x? in T. 


, 5) * (1, 1, 0, 0) + (2, 0, 1, 5) * 

, O)x? + (2, 0, 1, 5) * (0, 1, 1, O)x? + 

, 1) *(1, 1, 0, 0)x + (0, 3, 0, 1) * 

, 0)x? + (0, 3, 0, 1) * (0, 1, 1, O)x* + 

, 2) * (1, 1, 0, 0)x? + (1, 1, 0, 2) * 

, 1, 0)x* + (1, 1, 0, 2) (0, 1, 1, 0)x° 

= (15, 1, 8, 35)x? + (1, 22, 0, 7)x + (3, 21, 1, 7)x° 
+ (0, 22, 1, 7)x* + (8, 8, 0, 14)x + 
(10, 7, 1, 14)x* + (7, 8, 1, 14)x° 

= (15, 1, 7, 35) + (25, 8, 8, 49)x + (1, 22, 0, 7)x + 
(17, 22, 9, 42)x* + (10, 29, 2, 21)x* + 
(7,8, 1, 14). 


1 
1 
0 
1 
0 
1 
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This is the way operation * is performed on the strong non 
associative row matrix coefficient polynomial semilinear 
algebra over a field. 


Example 2.47: Let 


ila = "(ome -Q; *, 1-57.5:6;.(0;3)} 


Lm, | 


be a strong non associative column matrix coefficient 
polynomial semilinear algebra over the field Q. 


0 1 0 
1 0 0 
Take p(x) = 7 + : x’ + : x‘ and 

0 0 1 
3 1 1 

|0} [0 1| 

[ 2 0| [1] 

0 1 0 

q(x) = : X+ " x + x° be in M 

0 1 1 

2 0 1 

lof ay 


We find p(x) * q(x) as follows. 
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os 
0 
3 
3 
3 

L3| 
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X+ 


ODN ODN ODN 


Oo HW OW O 


x’ is in M. 


on co Ww So 
~s 
WOW wWwWwW oOo Ww 


3} L 


This is the way the ‘*’ operation on M is defined to make 
the strong column matrix non associative semilinear algebra. 


Example 2.48: Let 


m, 

M= {Sax aj =|m, 
i=0 

m 


x 


(2,3)} 


Mm, 
m, |;m,e R, *,1<j<9; 


Ty 


be a strong non associative semilinear algebra of square matrix 
coefficient polynomials over the field Q. 


Consider 


p(x) = 


Rr Oo 
Nn Oo W 
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in M. 


1 1041 
*10 2 I|xt+ 
07 0 


3 
0 2 
6 0 


0 
1 
4 


p(x) * q(x) = 


0 
1 
4 


+ + 
Be, iv 
ee oS eet ff ose 
“4 oh hCU N CO 
Sn > ou Oo 
XN = Oo — eH AN 
Lee nes | 
* * 
rc. Ga Yh 
=—4 NO N CO 
no Oo 0 “4 4 CO 
ont Co OnNnN 
[eS ey ee ee ee 
+ + 
OF ay 
Fe- ta, 2, 8 ep oe 
N CO Set (O 
on Oo > He Ga FA 
=a ON = © © 
L | J 
* * 

fess soo 

sa 
= NAN CO No «4 
no Oo 0 
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3 6 3 3 6 8 6 9 5 

=|2 6 3]x+/5 3 4/x°+/5 0 7{x*+ 
8 33 0 14 12 3 8: 150 
1523. 7 15 2 10 P22. 5° 
0: 8. Sixt | 35S Ola) 3 3 |x + 
4 FD 10 0 5 4 f) 


S06 Six po. 6-5 
0 13 0 0 31 0 


Ww NY 


6 10 


is aes zs 19 2 10 


3 3 6 8 15 2 7 
=/2 6 3\|x+/5 3 4/x°+/0 8 3]x?4 
8 33 0 14 12 3 4 21 2 

30 13 22 22-5. -F 9: 2 “16 
10 TR TOPS 3) Bis ass > Bes 
18 46 5 4 32 6 10 3 

12 3° 9 

5 0 5\|x’isinM. 

0 13 0 


This is the way ‘*’ operation on M is performed. 
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Example 2.49: Let 


i, “itis. “My tie “iy 
a : m m m m m 
6 7 8 9 10 |. 
P= Dae a= ;m€ Q,*, 
i=0 Mm, M, Mm; My MM; 
m m m m m 


1 <j < 20; (2,2)} 


be a strong non associative matrix coefficient polynomial 
semilinear algebra over the field Q. 


Let 
012 0 3 1 112 2 
10412 0 3 3 3 0 0 
p(x) = + xt+ 
0 10 0 2 123 5 0 
40101 0141412 
lL 2d 2.1 
22 Aes es We 
x” and 
3 113 2 
13 11 =1 
01041 4 102 10 
40212 5 01 0 6} 4. 
q(x) = x + x’ in P. 
1 160 0 03 01 2 
0104141 45 0 6 0 
Now 
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1 
0 
1 
0 1 


0 
1 
0 
4 


p(x) * q(x) = | 


er Ue 
+N CO So ON © 
4 = CO “4 Om 
oN Nn OO 
4 Oo «4 oom NH 
Sy i) “= NO Tt 

* * 
ton oN I Co OoON 
oN OO NON 
XN - CO Sen 8: 
“4 Os = OM N 
on oO =a MO a Oo 
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0 4 2 14 2282 6 
10 0 8 6 4 204 4 12 
: 4120 4|\**|o 8 02 8 
82224 16 10 2 12 2 
24261 42664 
14610 2 4], |16 6 8 0 12 
*)4 6 18 10 o|* *|2 10 6 12 4 
God 9 CaS 8 122 14 4 
26 2 6 10 44662 
1228 4 8 id 9) <6 2 44 
sk ee ae ee aad ee 
824 4 10 16 2 14 
[0 4 4 2 14 2. A- D2 6 12 
_|10 0 8 6 4 146102 4 
“|2 412 0 4/*"14 6 18 10 0 
ee ee | 042 4 6 
[4 8 10 8 16 4266 4 
242 12 8 20|, 116 6 8 0 12 
*)3 12 14 8 12|\**|2 10 6 12 4 
|18 18 4 16 6 8 122 14 4 
4 466 2 
(a Bs 6 As 
| eee ee 
10 16 2 14 2 
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is in P. Thus we have shown how * operates on strong non 
associative with coefficient matrix polynomial semilinear 
algebras defined over a field. 


All these strong structures where built using fields of 
characteristic zero are of infinite cardinality. 


Now we define strong non associative semilinear algebras 
of different prime characteristic and of finite cardinality. 


DEFINITION 2.4: Let V = {Z,, *, (t, u), t, u € Z,} be a groupoid. 
V is a strong non associative semilinear algebra defined over 
the field Z,. 


We will examples of them. 


Example 2.50: Let P = {Zs, *, (2, 3)} be a strong non 
associative semilinear algebra defined over the field Zs. 


Example 2.51: Let V = {Zi *, (2, 7)} be a strong non 
associative semilinear algebra defined over the field Z),. For x 
= 10 and y=6in V and3 € Z,;. We see 

3 (x*y) = 3 (10*6) = 3 (20442) = 3.7 = 9. 


3x 10*3x6=10* 18 
=8*7=16+49=65=9 


Thus V is a strong semilinear non associative algebra over 
the field Zi. 


Example 2.52: Let V = {Zp, *, (11, 0)} be a strong non 
associative semilinear algebra defined over the field Z)3. 


Example 2.53: Let V = {(X1, X2, X3, X4) where x; € Z3, | <i< 
4, 0, (0, 7)} be a strong non associative semilinear algebra 
defined over the field Z3. 

Consider x = (X}, X2, X3, X4) = (7, 1, 0, 2) and y = (1, 3, 4, 0) 
in V. 
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x *y=(7, 1, 0, 2) * 1, 3, 4, 0) = (7, 21, 28, 0) € V. 
Example 2.54: Let V = {(x1, X2, X3, X4, X5) | Kj € Z195 0, (3, 3)} 
be a strong non associative semilinear algebra defined over the 
field Zjo. 

Take x = (8, 1, 10, 17, 3, 1) and y = (2, 3, 0, 1, 5, 1) in V. 

x*y =(8, 1, 10, 17, 3, 1) * (2, 3,0, 1,5, 1) 

=(11, 12, 11, 16,5, 6) € V. 


Clearly number of elements in V is finite. But V is 
commutative but non associative. 


For take z = (0, 1, 2, 0, 0,0) € V 


(x*y)*z =(11, 12, 11, 16, 5, 6) * (0, 1, 2, 0, 0, 0) 
= (14, 1, 8, 10, 15, 18). 
Consider x * (y * z) 


, 1, 10, 17, 3, 1) * [@, 3, 0, 1, 5, 1) * @, 1, 2, 0, 0, 0)] 
1 TO. 17,3, ANG ,,12,-6,.9,15, 3) 
75-1053, 16, 12). 


Clearly x * (y*z) # (x*y) * z for x, y, z € Vso V is a non 
associative structure under ‘*’. 
Now we proceed onto give examples of strong non 
associative column matrix semilinear algebra. 


Example 2.55: Let 


mM, 
m, : 
V= . ||m€ Zy, 151510, *, G7} 


Mg 
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be a strong non associative semilinear algebra defined over the 
field Zi7. 


0 1 
1 2 
2 0 
We see for x = : and y = : in V 

4 1 
0 0 
0 1 
1 | 0 
[7 

0 

6 

x*y= : eV 

2 

0 

v 

& 


Example 2.56: Let 
Ks : 
V= Xj € Z3, 1 <i<4, *, (2,1)} 
x 


be a strong non associative semilinear algebra defined over the 
field Z;. 
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1 0 
2 1 
x= and y = e V, 
0 2 
1 1 
2 
x*y= eV. 
2 
0 
Clearly V is of finite order. 
Example 2.57: Let 
fan 
a, 
Veal? a, € Z, 1<i<6, *, (1,0)} 
ay 
as 
La. | 


be a strong non associative semilinear algebra over the field S = 
Zp. 


Example 2.58: Let 


a, a, a, 
V=j\|a, a, a, ||ae Z, 15189, *, (3,5)} 
Ge. -Ad “ay 


be a strong non associative semilinear algebra of finite order. 
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101 11 1 
Ifx=|0 1 1] andy=|0 1 Oj} arein V, then 
1 1 0 101 
15 1 
x*y=|0 1 3}/eV 
1 3 5 


Example 2.59: Let 


7 By. Ay | aS Zis, 1 81515, +, (8,0)} 


8 2 1 1 0 3 
6:0 7 a 6D 
Forp=/0 7 O| andq=|2 O 1| inP, 
1 4 0 101 
0 0 1] 8 7 6 
[12 3 8 
9 0 4 
weseep*q=/0 4 O|eP. 
8 6 0 
0 0 8 
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Example 2.60: Let 
M=}/a, a, a, ay As Ae a7 || ai € Z, 


1<i<2l, *, (3,4)} 


be a strong non associative semilinear algebra of finite order 
over the field Z,. 


Example 2.61: Let 


a a, .. as 
a a we a 
Oe lla: © Za, 1 <i < 25, *, (3,10)} 


A5, Ag wee AS 


be a strong non associative semilinear algebra over the field 
Z47. 


We have the following theorem. 
THEOREM 2.3: Let M be a strong matrix non associative 
semilinear algebra over the field Z, (p a prime). M is quasi 
simple. 


Proof: Obvious from the fact Z, is a prime field. 


Now interested reader can find substructures and study 
them. 


Now we give polynomial matrix coefficient strong non 
associative semilinear algebra over the finite field Zp. 
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We give mainly examples of them and they are of infinite 
order. 


Example 2.62: Let 


aj € Zi, rm (3, 0)} 


i=0 


M= [Sax 


be a strong non associative semilinear algebra of polynomials 
with coefficients from Z,. Clearly M is of infinite order. 


Example 2.63: Let 


aj € Zi, *, (10, 3)} 


i=0 


M= [Zax 


be a strong non associative semilinear algebra of polynomials 
with coefficients from Z,, of infinite order over Z;1. 


Example 2.64: Let 


aj € Z3, - (2, 1)} 


P= {s a,x’ 
i=0 


be a strong non associative semilinear algebra over the field Z3. 


Example 2.65: Let 


M= [Sax ai € Zoo, *, (13, 13)} 


i=0 


be a strong non associative semilinear algebra over the field 
Zn9. 
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Example 2.66: Let 


S= [Zax 


i=0 


ai € Zig, *, (14, 7)} 


be a strong non associative semilinear algebra over the field Zj9 
of infinite order. 


Example 2.67: Let 


ai = (t1, to, sees tio); tj € Zi, 1 Sj < 10, & (3, 7)} 


S= {s ak 
i=0 


be a strong non associative semilinear algebra over the field Z, 
of infinite order. 


Example 2.68: Let 


M= [Zax a; = (mj, My, ..., M0); m; € Zp3, 


i=0 


1 <j < 20, *, GB, 11)} 
be a strong non associative semilinear algebra over the field Z,3. 


Example 2.69: Let 


aj = (nj, No, ..., No); nj € Zy3, 1 Sj <9, *, Y, 4} 


S= be a,x 
i=0 


be a strong non associative semilinear algebra over the field Z)3. 


Example 2.70: Let 


S= [Zax aj = (mj), Mo, ..., Mg); m; € Zy7, 1 <j $8, *, 


i=0 


(3, 0)} 
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be a strong non associative semilinear algebra of row matrix 
coefficient polynomial of infinite order over the finite field Z)7. 


Example 2.71: Let 


P, 


a= |? |; pe Zs, 1<j<6,*, 2,2} 


M= [Zax 
i=0 


Po 


be a strong non associative semilinear algebra of column matrix 
coefficient polynomial semilinear algebra over the field Z;. M 
is commutative. 


1 2 
0 4 
Consider x = : and y = : inM. 

4 p) 
3 | [1 

[1] 1 

3 es) 

x*y= ‘ andy *x= =), 

3 2) 

2 2 

3 [3 
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Example 2.72: Let 


1 


ai = > XE Zp, 1<j<s4, sia 6 10)} 


M= s ayx” 
i=0 


~ eK we MK 


be a strong non associative column matrix coefficient semilinear 
algebra over the field Z;3. 


1 0 1 
If p(x) ies ba erabars 
x)= x x 
P 2 1 7 
5 2 0 
2 1 
1 Dey : 
and q(x) = 0 X+ 9 x are in M then 
7 2 
1 2 1 1 0 2 
(x) * atx) 0 é 1 : 0 : 7 44 3 ra. an 
x x)= x x x 
Bye Sal: 2| |8 1} Jo 
5 iT: 5 2 2 7 
0 1 1 2 1 1 
3 rae 0 1 0 ca 
. x + ‘ xX+ * x 
1 8 OL. 0 7 8 
2 2 0 7 0 2 
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10 0 10 10 
10 5 1 10 
a X+ x + xo + x+ x 
6 8 5 
10 9 11 0 
0) 
5 
+ x! 
10 
‘I, 
7 0 7 10 
7 5 1 51) 4 
= xX+ xX + xX + x + xeM 
1 8 3 5 10 
2, 9 11 0 7 


Example 2.73: Let 


M= {ax 


i=0 


d, d, : 
a = de Za, 15154, (.2)} 
d, d, 


be a strong non associative semilinear algebra of matrix 
coefficient polynomials over the field Z;3. 


Example 2.74: Let 


P= % a,x’ 
i=0 


EB Py Pi “Ba 
ay = 


fine Zi, 
Ps Po Pr Ps 


15j <8, *, (0,4)} 


be a strong non associative semilinear algebra of matrix 
coefficient polynomials over the field Z7. 
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. 5 6202 O12 
Consider p(x) = x” 
Ge 32 10 04 0 1 
tae 2d Hh | p 
and q(x) = x° in 
cs 1112 5) 1 
eas ee | 
ale 
02 1 5 | ees 64 6.0 2-40 
X 
6 0 2 0 5 6 0 1 04 0 1 
21411 its, 6 0 2 0 a ee 
Xx X 
is a ae 04 0 1 a. 6° 0 
144 4), |4 15 2], 
= x + X 
444 1 6 3 0 4 
144 4), |4 15 2), 
+ xX + x € 9. 
444 1 6 3 0 4 


This is the way the * operation is performed on P. Clearly 
P(x) * q(x) # q(x) * p(x). 


mer 020 


Example 2.75: Let 


ay = 


= 4 ax’ 
i=0 


5 t) © Zy3, 


t 
3 4a 4s 


1<j< 16, *, (2,1)} 
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be a strong non associative semilinear algebra of matrix 


coefficient polynomial over the field Z,3. 


Consider 


x" be elements of S. 


p(x) * q(x) = | 
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14 4 7 3 4 2 
254 9 0 5 4 P 
= x + x 
5 07 2 7 07 
11 3 4 2 7 9 2 10 
7 10 O 11 
Li Os a Ye 
+ xeS 
13 0 1 2 
5 3 4 2 


Study of special identities are properties about strong non 
associative semilinear algebras defined over a field of 
characteristic p are given as theorems. For proof refer [_ ]. 


THEOREM 2.4: Let 


aj & Zp» (t, t), st 


V= s a,x’ 
i=0 


be a strong polynomial non associative semilinear algebra over 
the field Z,. V is a P-semilinear algebra (A semilinear algebra 
is said to be a P-semilinear algebra if p(x) * (q(x) * p(x)) = 
(p(x) * q(x)) * p(x) for all p(x), q(x) € V). 


Proof is direct hence left as an exercise to the reader. 


Example 2.76: Let 


a ay ay 
— Jf io An 18 
M= : ; a, € Z,, 1 <i< 90, *, (3, 3)} 
Agr a3 Ago 
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be a strong non associative P-semilinear algebra over the field 
Zy. 


Example 2.77: Let T = {(aj, a2, ..., ago) | aj € Za, 1 Si < 40, *, 
(19, 19)} be a strong non associative P-semilinear algebra over 


the field Za) - 


Example 2.78: Let 


ai € Zn, 1 Si < 23, *, (10, 10)} 


be a strong non associative P-semilinear algebra over the field 
Zp3. 


Example 2.79: Let 


® | ae Zon, 1 SiS 16, *, (24, 24} 


be a strong non associative P-semilinear algebra over the field 
273. 


A semilinear algebra V is an alternative semilinear algebra 
if for all x, ye V; 


(x *y) *y=x *(y *y). 


In view of this definition we give a few examples. 
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Example 2.80: Let 


fab} 


< 
Il 
~ 
P= 
~ 
wn 
~ 


6 aj € Zoo, 1 Si <9, *, (9, 9)} 


dge Ay: “Ay 


be a strong non associative semilinear algebra over the field Z5 
which is not alternative. 


THEOREM 2.5: Let V = {a; € Z,, *, (t, t)} be a strong non 
associative semilinear algebra defined over a field Z,. V is 
never an alternative semilinear algebra. 


For we see for any x, yé€ V. 
(x *y)*y=(tx+ty)*y =tx+ty+ty I 
and x *(y *y)=x *(ty+ty) =tx+ty+t’y Il 


I and II are not equal for equality forces t? = t (mod p) which is 
impossible in Z,. 


Next we proceed onto define the notion of Smarandache 
non associative semilinear algebras which are defined over a 
Smarandache ring. 


DEFINITION 2.5: Let V be a groupoid. S be a Smarandache 
ring. If V is a non associative semilinear algebra over the S- 
ring S we call V a Smarandache non associative semilinear 
algebra over the S-ring. 


We will illustrate this situation by some examples. 
Example 2.81: Let V = {(a1, a2) | a; € Zo, *, (3, 5)} be a S-non 


associative semilinear algebra over the S-ring Z. (For in the ring 
Zo, T = {0, 3} C Zp is a field. 
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Example 2.82: Let 

V = {(aj, a2, a3, a4) 1a; € Zio, *, (3, 7), 1 <1 <4} be a S-non 
associative semilinear algebra over the S-ring Zio. (Zio is a S- 
ring as {0, 5} C Zio is a field). 


Example 2.83: Let V = {(a1, a2, a3, a4, 45, A, a7, ..., Ai2) | ay € 
Zsg, *, (O, 20), 1 < i < 12} be a Smarandache strong non 
associative semilinear algebra over the S-ring Z3. 


In view of all these examples we have the following 
theorem. 


THEOREM 2.56: Let Z, be the ring of modulo integers, Zn is a 
S-ring (Here n is a prime). 


Proof: Consider {0, n} = A C Z», we see n + n= 2n = 0 (mod 
2n). 


Thus {0, n} =A is a field isomorphic to Z, = {0, 1}. Hence 
the claim. 


THEOREM 2.7: Let 
V= ({(aj, ...; Gn) | A; © Zon (na prime), *, (t, u); t, U © Zon} 
be a groupoid. V is a S-non associative semilinear algebra over 


the S-ring Zon. 


This proof is also direct and hence is left as an exercise to 
the reader. 


We can also have the Smarandache non associative column 
matrix semilinear algebras defined over S-rings. 


We give examples of this situation. 
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Example 2.84: Let 


ay 


a, 


M= a € Zi, 1 Sis 10, *, G3, 7)} 


Ayo 


be a Smarandache non associative column matrix semilinear 
algebra over the S-ring Zy4. 


Example 2.85: Let 


xX 
M= > 11x; © Zoo, *, (10, 9), 1 <i< 6} 
xX 


be a Smarandache non associative column matrix semilinear 
algebra over the S-ring Zy9. 


Example 2.86: Let 
t 

P= : ti € Zgo, 1 Si < 20, *, (2, 70)} 
to 


be a Smarandache non associative column matrix semilinear 
algebra over the S-ring Zo. 
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Example 2.87: Let 


T= 4] a, ||ai€ Zos, *, (0, 8), 1517} 


be a Smarandache non associative column matrix semilinear 
algebra over the S-ring Zo4. 


Example 2.88: Let 


M= 4/b/|a,b, ce Ze, *, (2, 2)} 


be a Smarandache non associative column matrix semilinear 
algebra over the S-ring Z>. M is a commutative structure. 


Now we proceed onto give examples Smarandache non 
associative matrix semilinear algebras over a S-ring. 


Example 2.89: Let 


aj € Zis, 1 $i 27, *, (8, 1)} 


is a Smarandache non associative matrix semilinear algebra 
over the S-ring Z)5. 
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Example 2.90: Let 
a, a, a; 
V= 4/a, a a, 
ay Ai ayy 


a € Zo, 1 S$i< 12, *, G, 3)} 


A> 


be a Smarandache non associative matrix semilinear algebra 
over the S-ring Z)5. V is commutative. 


Example 2.91: Let 
a a, 43 
a a a 
5 6 7 
M= 
ay ay Ay 
43° Ay As 


be a Smarandache non 


over the S-ring Z33. 


Example 2.92: Let 


a; a, 
T= /a, a; 
a, ay 


8 lla, © Zaz, 1 <Si< 16, *, (0, 10)} 


associative matrix semilinear algebra 


aj € Zs7, 1 SiS 9, *, (2, 2)} 


be a Smarandache non associative matrix semilinear algebra 


over the S-ring Zs7. 


Now we can define on similar line Smarandache non 
associative polynomial semilinear algebra and Smarandache 


non associative matrix polynomial coefficient 


semilinear 


algebra defined over the S-ring. 


These are illustrated by some examples. 
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Example 2.93: Let 


M = [Sax aj € Zs; = 3, 2)} 


i=0 


be a Smarandache non associative polynomial semilinear 
algebra over the S-ring Zs. 


If p(x) = 7 + 8x° + 9x” + 10x* and 
q(x) = 6 + 2x + 4x? + 10x° are in M then 
p(x) * q(x)= (7 + 8x? + 9x” + 10x*) * (7 + 8x? + 9x? + 10x") 
= 7*64+8*6x°+9 *6x°+ 10 * 6x1 +7 *2x +8 * 2x4 
9 * 2x7 +10 *2x°+ 7 * 4x7 4+ 8 *4x°4+ 8 F4x° 4+ 9 * 
Ax* + 10 * 4x°+7 * 10x? + 8 * 10x° +9 * 10x’ + 10x’. 


= 34 6x? + 9x? + 12x* + 10x + 13x* + x? + 4x° + 14x? + 
2x + 5x* + 8x° + 11x° + 14x94 17x’ + 5x’ 


= 3+ 10x + 8x" + 7x? + 2x° + 8x° + 17x’ + 14x*° + 5x” © M. 
This is the way ‘*’ operation is performed on M. 


Example 2.94: Let 


V= {Sax ai € Zio, *, (2, 2), 0<i<} 


i=0 


be a Smarandache non associative semilinear algebra over the 
S-ring Zio. 


Clearly V is a commutative semilinear algebra. 
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Example 2.95: Let 


aj € Z33, *, (8, 0)} 


M= {Zax 


i=0 


be a Smarandache non associative semilinear algebra over the 
S-ring Z33. M is a non commutative structure. 


Example 2.96: Let 


P = {Zax al = (Xx, X2, X3, X4)} Xj E Zi5, my (5, 3), 1 Sj < 4} 


i=0 


be a Smarandache non associative semilinear algebra of row 
matrix coefficient polynomials over the S-ring Zs. 


Example 2.97: Let 


aj = (Y1, Yas «+5 Vis) yj € Zo, (2,2), LSjel5} 


P= {Sax 
i=0 


be a Smarandache non associative semilinear algebra of matrix 
coefficient polynomials over the S-ring Zio, P is a commutative 
structure. 


Example 2.98: Let 


S = {Sax aj = (ti, to, ts); tj €E Z38, a (0, 19), 1 Sj < 3} 


i=0 


be a Smarandache non associative semilinear algebra over Z3. 
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Example 2.99: Let 


aj = i ,dj€ Z345 * (3, 7), 1 <j <20} 


P= {Sax 
i=0 


d 


20 


be a Smarandache non associative semilinear algebra of column 
matrix coefficient polynomial over a S-ring Z3. 


Example 2.100: Let 


T= D3 a,x’ 
i=0 


m, 
aS 2 ye Ze" 2,2), 15) 510) 
m 


10 


be a Smarandache non associative column matrix coefficient 
polynomial semilinear algebra over S-ring Ze. 


Example 2.101: Let 


2 


ai = de Zi 45 *, (6,7), 1 Sj <4} 


M= [Zax 
i=0 


Ww 


d 
d 
d 
d, 


be a Smarandache non associative column matrix coefficient 
polynomial semilinear algebra over S-ring Zj4. 
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Example 2.102: Let 


. di od jee say 
M= {Sia p= | di id, we “dy | S Fass G, 7), 
i=0 
d,, d,, dio 
1 <j <30} 


be a Smarandache non associative matrix coefficient polynomial 
semilinear algebra over S-ring Zs. 


Example 2.103: Let 


M= {ax 
i=0 


dvds. aul 
ai = : 2 ot) ge Zo, ss GO; D)5 


19 20 soe 36 
1<j<36} 


be a Smarandache non associative matrix coefficient polynomial 
semilinear algebra over S-ring Zo. 


Example 2.104: Let 


2 


d, d 
4 d, d, de Za1; *: (3, 0), 1 <j <9} 
d, d 


8 9 


be a Smarandache non associative matrix coefficient polynomial 
semilinear algebra over S-ring Zp). 


Now we proceed onto define doubly Smarandache non 
associative semilinear algebra and give examples of them. 


DEFINITION 2.6: Let M = {a; | a; € Z, * (t, u)}/ bea 


Smarandache groupoid. If M is a Smarandache non associative 
semilinear algebra over the S-ring Z, then we define M to be a 
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double Smarandache non associative semilinear algebra (DS - 
non associative semilinear algebra) over the S-ring Z,. 


We give examples of them. 


Example 2.105: Let V = {Zyo, *, (0, 5)} be a double 
Smarandahe non associative semilinear algebra over the S-ring 
Zio. 


Example 2.106: Let G = {Ze¢, *, (4, 5)} be a S-non associative 
semilinear algebra over the S-ring Zs. Clearly G is a double 
Smarandache non associative semilinear algebra over the S-ring 
Zo. 


Example 2.107: Let G = {Zy, *, (4, 3)} be a DS non 
associative semilinear algebra over the S-ring Z). 


Example 2.108: Let G = {Zy, *, (7, 8)} be a DS non 
associative semilinear algebra over the S-ring Z,4. 


Example 2.109: Let 
P= {(aj, a2, a3, a4) | a; € Zy2, *(3, 4), *, 1 SiS 4} 
be a DS non associative semilinear algebra over the S-ring Zp. 


Example 2.110: Let 
R = {(a1, a, ..., aio) lai € Zia, *, (7, 8), *, 1 Sis 10} 
be a DS non associative semilinear algebra over the S-ring Zy4. 


Example 2.111: Let 
V = {(aj, a, ,..., ago) 1a; € Zags, *, C1, 2), *, 1 SiS 40} 
be a DS non associative semilinear algebra over the S-ring Zag. 


THEOREM 2.8: Let V = {(a), ..., a) |a; € Z, 1 Si Sr, (t, u), *} 
be a Smarandache non associative semilinear algebra over the 
S-ring Z,; Vis a DS non associative semilinear algebra over the 
S-ring Z, if (t, u) = 1 and t Au; t+ u =1 (mod n). 
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THEOREM 2.9: Let Z,, be a S-ring, 

P= {(ay, ..., a) | a; € Zn, *, t+u =(mod n) (t, u)} 

be a DS non associative semilinear algebra over the S-ring Z,,. 
P is a DS non associative strong Bol semilinear algebra if and 
only if t = t (mod n) and ue=u (mod n). 


Proof: We just recall a non assocative semilinear algebra P is 
strong Bol semilinear if for all x, y,z € V 


(Cx*y(*Z)*K = x * ((y*Z)*x). 


Let X= (xi, X2, Le) Xr), y = (yi, y2, 88/219) yr) and Z= (Zi, Z2, se eis: 
Z,) € P. 


((x*y)*z) * x 

= [(tx + uy) * z] * x 

= (t?x + tuy + uz) *x 

=x +tuy + tuz + ux 

= (tx; + uy, + tuz; + ux), tx> + tuy> + tuZ2 + UX, ..., tx, 
+ uy, + tuz, + UX,) I 


Now consider x* ((y*z)*x) 
=x * (ty + tuz + ux) 
= (x + touy + tuoz + Ux 
= (tx, oe tuy, + tu’z; + wx, tXo + uy» + tu’z) + WX, ena, UX 
+ uy, + tu’z, + u’x,) Ul 


I = I if and only if t=t (mod n) and u =u (mod n); hence 
the claim. 


THEOREM 2.10: Let Z, be a S-ring. 
V= ({(a), d, ..., A) 1a; € Z, 1 Si Sy, (t, u); t+u=l(modn)} 
is a DS strong non associative Moufang semilinear algebra if 


and only if = t (mod n) and u=u (mod n). 


Proof: We say a DS non associative semilinear algebra is 
strong Moufang if 


(x*y) * (z*x) = (x*(y*z))*x for all x, y € V. 
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Let x = (X1, Xo, ..., Xi), Y= (Yi, Y2, ---» Yr) and Z = (Zi, Za, ..., 
Z,) € V. 
Consider (x*y) * (z*x) 


[(x1, X2, orece'g, X,) _ (¥1, y2, SHH, y:)] 3 [(Zi, Z2,  erag Zr) " 
(x1, X2, a} X,)] 


(tx; + Uy), {Xz + Uo, ..., tX, + Uy,) * (tz) + UX), tZ. + UX, 
..., tZ, + UX,) 


(x; + uty; + tuz; + ax: tx, + uty2 + utz; + wx>, eer 
x, + tuy, + utz, + u’xr) I 


Consider (x*(y*z)) * x 
= (x* (Yq, Ya, --+5 Vr) * (Zi, Za, «+s Zr))) * X 
= (x * (ty; + UZ), ty. + Zou, ..., ty, + UZ,)) * x 
= ((Xj, Xo, ..-, Xr) * (ty) + UZ), ty2 + UZ, ..., ty; + UZ,)) * X 


= (tx; + uty; + wz, tX2 + uty? + wz, weey UX, + tuy, + wz,) 
*® (X1, Xo, ..-5 Xp) 

= (x; + ut’y; + utz; + UX], tx + ut’y> + tu-z + UX), ..., 

tx, + ut’y; + uz, + u’x,) I 


I and II are equal if and only if t? = t (mod n). Thus V is a 
DS strong non associative strong Moufang semilinear algebra if 
and only if (=t (mod n) and ue =u (mod n). 


THEOREM 2.11: Let Z,, be a S-ring 

V= {(aj, a, ..., a) 1a; € Z, 1 Si Sy, (t, u), t+ u=!1 (mod n), 
*} be a DS non associative semilinear algebra over the S-ring 
Z, Vis an alternative DS non associative semilinear algebra if 
and only if =t (mod n) and w =u (mod n). 
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Proof: Recall a DS non associative semilinear algebra V is 
alternative if (x*y)*y = x* (y*y) and (x*y) * y = x * (x*y) for 
allx, ye V. 


Let x = (Xj, Xo, ..., Xr) and y = (yi, yo, ..., ¥x) € V. 
(x * y) *y = [(K1, Xa, «.-) Xr) * (Yi, Ya «> YO] * 


= (x1 * yi, Xo * Vo, 6.65 Ke * Ve) * (Vis Vos oo s5 Vo) 

= (tx; + UY, tX2 + UYo, ..., tX + UY,) * (V1, Y2, ---5 Vo 

= tx, + tuy, + uy), Ux: + tuy2 + uy, ..., t?x, + tuy, + Uy,) 
I 


Consider x * (y * y) = 


X.C(Yis Vo, 2009 ¥a) * ig You os29 Yo) 

=x * (ty; + Uy), ty2 + Uyd, ..., ty, + uy,) 

= (X], X2, ..-, Xr) (ty; + UY), ty2 + UY2, ..., ty, + UY,) 

= (tx; + uty; + UyYi, tX2 + tuy2 + Uy, weey UX, + tly, + uy;) 


II 
I and II are equal if and only if u> = u (mod n) and 
t’ =t (mod n). 
Consider (x * x) * y = [(X1, Xa, ..., Xr) * (Xi, Xa, «. XD] * 1, 


y2, S229 yr) 


= (tX; + UX), tK. + UX, ..., tX, + UX,) * (Yi, Yo, ---, Yo) 

x, + tux; + uy}, tx> + tux, + Uy2, ..., Cx: + tux, + uy,) 
(a) 

Now x * (x *y) = x * ((Xq, Xo, ---, Xr) * (Yi, Vos e+ es Yo) 


=x * (tx; + uy), tX + UYd, ..., tx, + Uy,) 
= (tx, + tux; + w yi, tX + tux, + wy2, seas Xe tue yr) 


(b) 
a and b are equal if and only if t? = t (mod n) and uw’ =u 


(mod n). Thus V is a alternative DS non associative semilinear 
algebra if and only if t? =t (mod n) and uw’ = u (mod n). 
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THEOREM 2.12: Let Z, be a S-ring 

V= {(aj, da, ..., ay) la; € Z, 1 Si S7; (t, u), *} 
be a DS non associative semilinear algebra over the S-ring Z,,. 
If ttu =1 (mod n) then V is an idempotent DS non associative 
semilinear algebra over the S-ring Z,. 


Proof: To prove V is an idempotent DS non associative 
semilinear algebra we have to show if t + u = | (mod n) then for 
every x € V,x *xX=x. 


Consider x = (xX), X2, ..., X;) € V, 
xX a X= (Xi, X2, Ae X;) * (Xi, X2, eng X;) 
= (tx) + UX], tX. + UX», ..., {X, + UX,) 


= ((t+u)x), (t+U)X2, ..., (t+u)x,) 
(if (t+u) = 1 mod n) 
= (Xj, X2, ..., X,). Hence the claim. 


THEOREM 2.13: Let Z, be a S-ring. 

V= {(X), X2, ..., X-) |x; € Z, 1 Si Sr, (t, u), teu =1 (mod n), *} 
be a DS non associative semilinear algebra over the S-ring Z,. 
V is a P-DS non associative semilinear algebra if and only if ¢ 
=t (mod n) and uv’ =u (mod n). 


Proof: To show V is a P-DS non associative semilinear algebra 
over Z, it is enough if we show (x * y) * y = x * (y*y) for all x, 
ye V. 


Consider x = (x, Xo, ..., X;) and y = (yj, yz, ..., y) € V. 
Coy) y= (i hey ts 5G) OV in Vs ees Vd) Ws Yur tes YO 
= (tx; + uy), tx, + UY, ..., tx, + UY,) * (V1, Yo, ---. Yo) 
= (Cx, + tuy; + uy), (xt tuy2 + Uy2, ..., tx, + tuy, + uy,) 
I 


Consider x * (y * y) = 
x* (¥1, y2, ory yr) 7 (YI, y2, sey yr) 
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= x* (ty; + uy), ty2 + UYd, ..., ty, + UY,) 

= (X1, X2, ..., Xr) * (ty; + uy, ty2 + UY2, ..., ty, + UY;) 

= (tx; + tuy; + Uys tX2 + tuy2 + uy, we, (X, + tuy, + u’y;) 
II 


I and II are equal if and only if t? = t (mod n) and uw’ =u 
(mod n). Thus V is a DS non associative semilinear algebra is a 
P-semilinear algebra if and only if t® = t and u’ = u (mod n). 


THEOREM 2.14: Let Z, be a S-ring. 

V= [(X), X2, ..., X) |x; € Z,, 1 Sir, *, (m, m)} 
be a Smarandache non associative semilinear algebra over the 
S-ring Zp. 


Ifm +m =1 (mod n) and m’ = m (mod n) then 


(i) Vis a DS Strong idempotent non associative semilinear 
algebra. 

(ii) Vis a DS strong P-non associative semilinear algebra. 

(iii) Vis a DS strong non associative semilinear algebra. 

(iv) V is a DS strong Moufang non associative semilinear 
algebra. 

(v) V is a DS strong non associative alternative non linear 
algebra. 


The proof is direct and hence left as an exercise to the 
reader. 


Now it is pertinent to mention here that if V is replaced by a 
column matrix that is 


a, 


a 
V= oN ce Fe Toa S-ring, *, (t, u), 1 <i<m)} or 
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: a a : . 2 
if ‘ = ai € Zn, 1 Sis<m, 1<j<n, Z, a S-ring, *, 
ant Aion 
(t, u)} 
ai, ain 
: axa tec Ma ; ~~ 
or if V= te = ai; € Zn, Zn, aS ring, 1 <i,j <n, *, 
Bey Meese aay 
(t, u)} 


then all the above theorems 2.9 to 2.16 hold good without any 
difficulty. 


We will give some examples of the situations described in 
the theorems. 


Example 2.112: Let 


a, 
M = : aj € Zo, (3, 4), *y 


Ayo 


be a Double Smarandache non associative semilinear algebra 
over the S-ring Z;. M is a strong DS non associative Bol 
semilinear algebra over the S-ring Ze. 
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Example 2.113: Let 


a, a, a, 
M=j/a, a, a,|| ai€ Zo, (10, 6), *, 1<i<9} 
ap aie. ay 


be a SD non associative semilinear algebra over the S-ring Zs. 


(i) M is a DS strong P-non associative semilinear algebra. 
(ii) M is a DS strong moufang non associative semilinear 


algebra. 

(iii) m is a DS strong Bol non associative semilinear 
algebra. 

(iv) M is a DS strong alternative non associative semilinear 
algebra 


(v) M is a DS idempotent non associative semilinear 
algebra. 


Example 2.114: Let 


P=4| 6 95 “8 ll ave Zu, 4,9), *% 11530} 


be a DS non associative semilinear algebra over the S-ring Zjo. 

(i) P is a DS strong P-non associative semilinear algebra. 

(ii) P is a DS-strong Bol non associative semilinear algebra. 

(iii) P is a DS strong Moufang non associative semilinear 
algebra. 

(iv) P is a DS strong alternative non associative semilinear 
algebra and 

(v) P is DS strong idempotent non associative semilinear 
algebra. 
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Example 2.115: Let 

M = {(a), a2, a3) where a; € Zs, 1 <i <3, *, (3, 6)} be a DS- 
strong Bol (or Moufang or alternative or idempotent or P) non 
associative semilinear algebra over Zs. Zs is not a S-ring. 


Example 2.116: Let 


V = a, ag ay aj € Zio, (6, ays = 


be a DS strong Bol non associative semilinear algebra, DS 
strong Moufang non associative semilinear algebra, DS strong 
idempotent non associative semilinear algebra, DS strong 
alternative non associative semilinear algebra and DS strong P 
non associative semilinear algebra. 


Next we proceed onto define structure similar to DS non 


associative semilinear algebras as well as Smarandache non 
associative semilinear algebras. 


For this we use the concept of ‘groupoid ring’ by varying 
the ring we can build such structure. 


DEFINITION 2.7: Let G be a groupoid. F a field. FG be the 
groupoid ring. FG is defined as the strong non associative 


semilinear algebra over F. 


(For definition and properties of groupoid rings please refer 


[33]). 


We now give examples of them. 
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Example 2.117: Let G = (Z, *, (3, 7)) be a groupoid and R be a 
field. RG is the groupoid ring which is a strong non associative 
semilinear algebra over R. 


For 
i=0 


is a strong non associative semilinear algebra over the field R. 
Thus we can create also a different way strong non associative 
semilinear algebras. 


Example 2.118: Let G ={Zg, *, (7, 2)} be a groupoid. Q be the 
field of rationals, QG be the groupoid ring QG is a strong non 
associative semilinear algebra over Q. 


7 . 
QG = Zaele E Zg = {0= Zo, Zi = 1, 2 =2, Sood g=7}; 


i=0 


0<i</7, *, (7, 2); ai € Q}. It is easily verifield; QG is also a 
strong non associative semilinear algebra over Q. 


Example 2.119: Let G = {Zo, *, (9, 2)} be a groupoid. 
Zy = {0, 1} be the field of characteristic two. 


9 . 
ZoG = {Sal gic Zi0 = {go = 0, £1= eer So = 9}; 
i=0 
0<i<9,a,€ Zp, *, (9, 2)} 


is a groupoid ring as well as a strong non associative semilinear 
algebra over Zp. 


Example 2.120: Let G = {Z* U {0}, *, (10, 9)} be a groupoid. 


F = Z; = {0, 1, 2} be the field of characteristic three. FG be the 
groupoid ring. 
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aj € Z;3 = {0, 1,2},* g¢€ Z = {0, go, 1 = 21, 


i=0 


FG = [Zee 


2 = Qo, ..-. N= Qn, .--}. 
2.0 * G = Zo = gi * g.. 18 the defined ‘*’ operation on ~ = g... 


Now FG can also be realized as a strong non associative 
semilinear algebra over the field F = Z;. 


We will define Smarandache strong non associative 
semilinear algebra if the field is replaced by a S-ring in these 
groupoid ring. We give examples of them. 


Example 2.121: Let M = {Zo, *, (7, 2)} be a groupoid. F = Z¢ 
be the S-ring. 


8 
FM be the groupoid S-ring FM = D3 a,g'| aie Ze, 9 € Zo 


i=0 


= {0=g, 1 = g1, 2 = g, ..., gg = 8), *, (7, 2)}. Clearly FM is a 
Smarandache non associative semilinear algebra over the S-ring 
Zo. 


It is pertinent to mention here that we can have different 
modulo integers Z, that can be used for the groupoid and rings 
which is clear from Example 2.121. 


Example 2.122: Let G = {Zp, *, (10, 3)} be the groupoid. 
F = Zio be the S-ring. FG be the groupoid ring. 


11 
FG= {See ai € Zio, 8 € Zio = {0 = go, 1 = 81, 2= &, 


i=0 


-- Su = 11}, *, C10, 3)}. 


Clearly FG is a Smarandache non associative semilinear 
algebra over the S-ring Zjo. 
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THEOREM 2.15: Let G = {Z,, *, (t, u)} be a groupoid and Z,, be 
a S-ring. Let Z,G be the groupoid ring. Z,G the Smarandache 
non associative semilinear algebra is a_ strong Moufang 
Smarandache non associative semilinear algebra if and only if 
t + u =(mod n) and f= t (mod n) and u=u (mod n). 


Proof: Straight forward and hence left as an exercise to the 
reader. 


THEOREM 2.16: Let G = {Z,, *, (t, u)} be a groupoid. Z, bea 
S-ring. ZnG be the groupoid S-ring. ZnG is a Smarandache 
strong Bol non associative semilinear algebra if and only if 
t+u=I1 (mod n), f =t(modn) and wv =u (mod n). 


Proof is also direct as in case of groupoids. 


THEOREM 2.17: Let G = {Z,, *, (t, u)} be a groupoid. Z, bea 
S-ring; ZnG be the groupoid S-ring. Z,G is a S-non associative 
idempotent semilinear algebra if t + u =1 (mod n). 


THEOREM 2.18: Let G = {Z,, *, (t, u), t+ u =1 (mod n)} bea 
groupoid. Z, be a S-ring. The groupoid ring Z,G is a S-non 
associative P-semilinear algebra if and only if f° =t (mod n) 
and uw =u (mod n). 


THEOREM 2.19: Let G = {Z,, *, (t, u), ttu =1 (mod n)} bea 
groupoid. Zn, be a S-ring. The groupoid ring ZnG is a 
Smarandache alternative non associative semilinear algebra if 
and only if f =t (mod n) and uv’ =u (mod n). 


Now if in these theorems the groupoid G is such that it is a 
row matrix with elements from {Z,, *, (t, u) = 1, ttu = 1 mod n} 
and ‘*’ is the operation on G or a column matrix with elements 
from Z, and ‘*’ as its binary operation or a rectangular matrix 
with elements from Z, and * operation on G or a square matrix 
with entries from Z, and * operation G then also for a S-ring Zn 
the groupoid ring Z,G satisfies all the results of the theorem 
where Z,, G is also a S-non associative semilinear algebra over 
the S-ring Zn. 
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We will only illustrate these situations by some examples. 


Example 2.123: Let 

V = {(aj, a2, a3) la; € Z,, (t, u); ttu = 1 (mod n); 1 <i <3} 
be a groupoid. R be the field of reals. RV be the groupoid ring 
of the groupoid V over R. RV is a strong non associative 
semilinear algebra over R. RV is a P-strong non associative 
semilinear algebra if and only if t? = t (mod n) and uw’ = u (mod 
n). So RV is a strong P-non associative semilinear algebra. 


Example 2.124: Let 
V=4| . || ai€ Zn (tu), thu = 1 (mod n) 1 <i<7} 


be a groupoid. Q the field, QV be the groupoid ring of the 
groupoid V over the field Q. QV is a Bol strong non associative 
semilinear algebra over Q if and only if t? =t (mod n) and 
ue =u (mod n). 


Example 2.125: Let 


a, a, 
fig ly 
a, a, 
M= ° a € Zu, 1 <i < 12, *, (12, 11)} 
ae 
ay Aig 
Lay, ays 


be a groupoid. Q be a field. QM be the groupoid ring. QM is a 
strong non associative semilinear algebra which is Bol, 
Moufang and alternative. 
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Example 2.126: Let 


ai € Zis, 1 <i < 19, *, (6, 10)} 


be a groupoid. Q be the field. QP be the groupoid ring. QP is a 
strong non associative semilinear algebra which is Bol, P, 
Moufang and alternative and idempotent. 


Example 2.127: Let 


a a, a; 
a: re 
Gig gs “Ay 
M= aj € Zia, (7, 8), *, 1 <i< 18} 
Ay Ay AyD 
43° Ay As 


16 


be a groupoid. R be the field. RM the groupoid ring. RM is a 
strong non associative semilinear algebra which is Bol, 
Moufang, P alternative and idempotent. Suppose G is a P- 
groupoid when F = R or Q or Z, then the groupoid ring; RG or 
QG or the S-groupoid ring Z,G is a strong non associative P- 
semilinear algebra over R or Q or a Smarandache strong non 
associative P-semilinear algebra over the S-ring Z,. 


The same type of result happens to be true if G is a Bol 
groupoid or a Moufang groupoid or an idempotent groupoid or 
an alternative groupoid. Inview of this we have the following 
theorems. 
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THEOREM 2.20: Let 

G = {Z,, *, (t, u), tru =1 (mod n) f =t (mod n), Ww =u (mod n)} 
be a P-groupoid (or Bol groupoid or Moufang groupoid or 
alternative groupoid), F = R (or Q) be the field. FG be the 
groupoid ring. FG the strong non associative semilinear 
algebra is a P-semilinear algebra (or Bol semilinear algebra or 
Moufang semilinear algebra or alternative semilinear algebra) 
over the field F = R (or Q). 


Proof is straight forward and hence left as an exercise to the 
reader. 


Now having seen properties of non associative semilinear 


algebra we can as a matter of routine study their substructures 
and other related properties. 
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Chapter Three 


NON ASSOCIATIVE LINEAR ALGEBRAS 


In this chapter we define a new class of non associative linear 
algebras using loops. We give several interesting properties 
associated with them. Infact these are generalized to non 
associative quasi linear algebras also. We now proceed onto 
define them and give examples of them. 


DEFINITION 3.1: Let L,(m) be a loop n a prime, n > 3 be a 
loop. Suppose F = Z, be the field (n a prime) then we see L,(m) 
is a linear algebra over Z, called or defined as the non 
associative linear algebra over Z, if the following conditions 
are satisfied. 


(i) For every g € L,(m) and @E Z, g A= QA. g € L,(m) 
(ii) g = 1.g € L,(m) for all g € L,(m) 
(iii)0.g = 0 € L,(m) (0 = gn) 
(iv) A(g +h) = ag+ah, 
for all a € Z,, and g, h € L,(m). 


For more about loop L,(m) please refer [37]. 
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We will first illustrate this situation by some examples. 


Example 3.1: Let V = {e, g1, 2, ..., 27} given by the following 
table. 


ee ie) Bales pe |p| Belt Be! 


|g | gs | gs | gs | g6 | oy | 


| gs |g | go | gs | oy | fe | 


le 
PAPAS r Arar ar aes 


83 23 4) g 27 24 g 


| ga | es | go | gs | & | [ese Ba 

| gs | gs | gs | ge | | gs |e | & | ge | 

go | gr | gs | gi | gs | @ | ec | gs 

|e |e [es |e | gs | | gs | | e | 
F = Z, be the field. For any x € V and ae F we have the 
following product. 


ax = ai = Bai (mod 7) 
(ifee V, ae=e for allae F). 


For instance if a = 0 X = g3 4.83 = 83 anod7)- 
If a= 1 and x = g; then a.x = 1g3 = 931 = 23 (mod7) = 23 
If a = 2 and x = g; then a.x = 293 = 293 = 86 (moa7) = Bo 
If a = 3 and x = g; then a.x = 3.83 = $33 moa7)= 22. 
If a = 4 and x = g; then a.x = 485 = 243 (moa7)= S5- 
If a =5 and x = g; then a.x = 5g3 = 853 (moa7) = 21- 
If a = 6 and x = g; then a.x = 6.23 = 26.3(mod 7) = 24 (mod 7) = 24 


Thus we see V is a non associative linear algebra over the 
field Z,. 
Clearly number of elements in V is eight. 


Example 3.2: Let V = {e, 21, 2, 83, Z4, gs} be a given by the 
following table. 
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V is a loop of order 6. Consider F = Z;. V is a non 
associative linear algebra over the field Zs. 


Example 3.3: Let V = Ly(4) be a loop; V is a non associative 
linear algebra over the field F = Zi. 


We can define dimension of V over Z, as the number of 
linearly independent elements needed to generate V. 


We see in all the three examples {e, g;} serves as the set 
which can generate V over the respective fields. 


Example 3.4: Let M = L;,(3) be a loop. M is a non associative 
linear algebra over the field Z;, = F. Take {e, g:} C M 
generates M over Z,; = F. Infact {e, g:} C M (i # 11) generates 
M over Z,;.. Thus M has 10 and only 10 subsets which are 
distinct can generate M. Further dimension of M over Zj; is 
two. 


Inview of this we have the following theorem. 


THEOREM 3.1: Let V = L,(m) (m 4p orm 41 or 1 <m< p) 
be a loop, p a prime. F = Z, be the field FV is the non 
associative linear algebra of dimension two. FV has (p—1) 
distinct subsets of the form {e, gi}; i= 1, 2, ..., p-l, i#g,. Each 
of the subsets {e, g;} can generate V over F. 


Proof is direct and hence is left as an exercise to the reader. 
It is important and interesting to note that by varying m we can 
get several non associative linear algebras of same cardinality. 
We will first describe in case of Z;. We see we have 3 distinct 
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non associative linear algebras of order six given by L5(2), Ls(3) 
and L;(4) defined over the field Zs. 


We say a non associative linear algebra L,(m) is 
commutative if L,(m) is a commutative loop. 


We shall denote the collection of all non associative linear 
algebras of same order by L, = {L,(m) | 1 <m <p}. Thus we 
can say for a given L,(m) € Ly. L,(m) is a non associative 
linear algebra over Z, = F. 


It is pertinent to mention here that as in case of usual linear 
algebras we cannot say that non associative linear algebras of 
same dimension defined over the same field are isomorphic. 
This is illustrated by the following examples. 


Example 3.5: Let M = L;(3) be a loop of order 8. F = L7 be the 
field of characteristic seven. M is a non associative linear 
algebra over Z;. Clearly dimension of M over Z, is two. 


Example 3.6: Let V = L; (4) be a loop of order 8. F = Z; be the 
field of characteristic seven. V is a non associative linear 
algebra over Z, of dimension two. 


It is interesting to note both M and V are non associative 
linear algebras over the same field Z, and the same dimension 
two but however M and V are not isomorphic. Thus even if two 
non associative linear algebras are defined over the same field 
and of same dimension they are not isomorphic. 


Inview of this we have the following theorem. 
THEOREM 3.2: Let V = L,(m) and W = L,(p+1/2) be two non 


associative linear algebras of dimension two defined over the 
field Z,. Clearly V ¢ W. 
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Proof: Clearly both V and W are of dimension two over Zp. 
However we see W is a commutative linear algebra over Z, 
where as V is a non commutative linear algebra over Z,. So V 
is not isomorphic with W. Hence the result. 


Now we can define substructure in them provided, H ¢ 
L,(m) and H itself is a proper loop such that H is a non 
associative linear algebra over Z, (n prime) then H is a non 
associative linear subalgebra of L,(m) over Z,. If L,(m) has no 
proper non associative linear subalgebras we define L,(m) to be 
simple. 


Example 3.7: Let V = L23(12) be a non associative linear 
algebra over the field F = Z,;. V has no proper non associative 
linear subalgebras as the loop L23(12) has no subloops. 


Example 3.8: Let M = L(20) be a non associative linear 
algebra over the field F = Z 9. V has no proper non associative 
linear subalgebras, that is V is simple. 


Inview of this we have the following theorem. 


THEOREM 3.3: Let V = L,(m) (n a prime) be a non associative 
linear algebra over Z, = F (na prime). Clearly V is simple. 


Proof: Follows from the fact V is a loop such that V has no 
subloops as n is a prime hence the claim. 


Now as in case of linear algebras we can define in case of 
non associative linear algebras the notion of linear operator and 
linear functionals. 

If V and W are non associative linear algebras defined over 
the same field F = Z, we can define T : V > W to be a linear 


transformation of V to W. 


Interested reader can study these structures. 
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We see V, = L, = {L, (m) | na prime, 1 < m < n} contains 
one and only one non associative linear algebra which is 
commutative. 


THEOREM 3.4: Let L,(m) € L, be a non associative linear 
algebra over the field Z, (n a prime). L, has one and only one 
commutative, non associative linear algebra when m = (n+1)/2. 


Now we can define some more non associative linear 
algebras using L,(m); n a prime. We illustrate them by 
examples as the definition and formation of them are simple. 


Example 3.9: Let 
V = {(a1, a, ..., a7, ag) lay € Li(7); 1 Sis 8, *} 
be a non associative matrix linear algebra over the field Z,,. 


Example 3.10: Let V = {(aj, a2, a3) | aj € Lao (2); 1 Si < 3, *} 
be a non associative row matrix linear algebra over the field Zo. 
Take x = (g3, gio, go) and y = (g7, go, gii) in V. 


Now x*y = (g3 * 87, Zio * 2, Yo * B11) 
= (214-3 (mod 29)> &4-10 (mod 29)» 822-0 (mod 29)) 


= (211, 223, Ya) € V. 


Take 7X = = (73 (mod 29)s 27.10 (mod 29) 28.0 (mod 29)) 


= (21, £12, Bo) € V. 
This is the way operations are made on V. 


Example 3.11: Let 


V= {(ay, i ag) | aj € Zi (3); l<is 8, =| 
be a non associative row matrix linear algebra over the field Z,. 


[Cis bag CAG, Bis ny Qs Bi, Cp hg B), NOLO, Biz Gg), 
we, (€, ©, ..., Z1)} is a basis of V over Z7. 
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Example 3.12: Let 

V = {(a1, a2, a3, a4) 1a; € Ls(3), *, (1 Sis 4)} 
be a non associative row matrix linear algebra over the field F = 
Zs. 


Now we proceed onto give examples of column matrix non 
associative linear algebras over a field Z, as the definition of 


this concept is a matter of routine. 


Example 3.13: Let 


v=4|"? 11 a6 ZsG)1<Sis7} 


a, 


be a non associative column matrix linear algebra over the field 
Z43. 


Example 3.14: Let 
V=4| *|laeLs(3);1<i<4} 
a 


be a column matrix non associative linear algebra over the field 
Zs. 


81 &> 
Consider x = | ~* | and y = Ba in V. 

S4 8&3 

8o g 
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* 

Now x*y = 83 "8 

Sy "8s 

So * 8: 

&6-2(mod5) &4 

= 6-6 mods) = So 

So-(mod5) £1 

&3_o(mod5) 83 
&.* 8 $3-4(mod5) &4 


&. *8, So-a¢moas) | _ | So 


* 

83°84 8 12-6(mods) g 
* 

£7" 80 &0-2(mod5) &3 


Now y*x= 


Clearly x*y = y*x. 


Thus V is a non associative commutative column matrix 
linear algebra over the field Zs. 


Take 4 € Zs. 
&4.1(mod5) &4 
pec 24.3(mod5) _ &> ew 
8 4.4(mod5) £1 
S 4.0cmod5) So 


V is a commutative non associative linear algebra of finite 
order. 
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Example 3.15: Let 
V= 4a, || ae L, (3); 1 <is3, *} 


be a non associative linear algebra over the field Z7. 
éllg || e1|e 
Consider B = 4] e],| e |,/ g, |, e || g1 © Lz G)} is a basis 
e]) e€:) |e) bg, 


of B over Z7. 


THEOREM 3.5: Let V = {(dj, ..., ag) | a; © L,(m); 1 Si <q, *} 
be anon associative row matrix linear algebra over the field Z, 
(n a prime). V is a commutative non associative row matrix 
linear algebra if and only if m = (n+1)/2. 

Proof is straight forward for more refer [38]. 


THEOREM 3.6: Let 
a, . 
V= : a; € L, (m); 1 Si St, *} 


be anon associative column matrix linear algebra over the field 
Z, (n a prime). V is a commutative non associative column 
matrix linear algebra if and only if m = (n+1)/2. 


This proof is left as an exercise to the reader. 
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Example 3.16: Let 


M=,;\/a, a, a, a, || a € Li3(m);1<i1< 12} 


Ay A109 ay Ayo 


be a non associative matrix linear algebra over the field Z,3. 


Example 3.17: Let 


r= {[* | 
An “aly 


be a non associative matrix linear algebra over the field Z>53. 


a; € Ls53 (m); 1 <i<4, *} 


Example 3.18: Let 


W=4la, a, a, || ae L3(4);1Si< 15, *} 


8 § 8 83 & & 8 & 
8 8 8&8 8&2 8 8 8 & 
Letx=/g, 8, & 83} andy=|g, 8) & & 
8 84 8 8 84 8 & 84 
LS & 8 & 4 & 84 8&4 & 
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be in W. To find x*y; 


2 4-0(mod13) 
8 0-21¢mod13) 
X*Y = | Ss ig¢modi3) 
8 16-0(mod 13) 


2 4-3(mod 13) 


&3_-3(mod13) 
84-o¢mod13) 
$0-3¢moa13) 
8 4-12(mod13) 


2 16-0(mod13) 


84 8s 
85 &4 
83 S10 
83 8s 
8 & 


8 4-6(mod 13) 
8 0-3(mod13) 
&s_o(mod13) 
2 4-3¢mod13) 


216-15 (mod 13) 


81 812 
80 81 
8s 84 
& 8&3 
8 & 


This is the way of operation * is performed. 


7X = 
Example 3.19: Let 
a, a, 
M=4|a, 4, 
a, ag 


8 8 
810 8o 
8; & 
80 8» 
8; 8 

a, 

a, 

ay 


& &s 
& & 
Ba £x|e ¥- 
87 &o 
8 8 


&s-o(mod13) 
2 4-6¢mod13) 
8 0-9(mod13) 


2 16-0(mod13) 


$4-3¢mod13) | 


a € Ly, (4); 1 $19, *} 


be a non associative matrix linear algebra over the field Z;). 
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8, & 8 2; 8 & 
Letx=|g, 8, g,| amdy=/g, g, g, | beinM. 


& & &4 S, So &s 
Si2-12¢m0a11t) = B4-o¢moatt) — &8-21(modl1) 
* =e 
XY = | S16-24¢mod11) 828-3¢moait)  84-9¢mod 11) 
&s-3amodit) 8 0-6(modt1) — 8 20-12(mod11) 
& 84 8 
=|/8 &3 & | € M. 
&; 85 &e 


This is the way operation is performed on the linear algebra 
which is both non associative and non commutative. 


Example 3.20: Let 

a a a a 
eee PS | ae Lie(Sit 1 SiS4e, 4 

A537 A538 A309 A409 


be a non associative matrix linear algebra which is non 
commutative. 


Example 3.21: Let 


a; a, Ay, 
P=4|/a,, ay --- ay|]| ae Ly G); *, 151536} 
Bigs Age cee! Be 


be a non associative matrix linear algebra over the field Z,. 
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Example 3.22: Let 


a; € Lay (3); *, 1 Si < 30} 
Ax 39 


be a non associative matrix linear algebra over the field Zp. 


Now we can define linear transformation of two non 
associative matrix linear algebras, substructures _ linear 
operators and linear functionals as in case of usual linear 
algebras. These are illustrated with examples. 


Example 3.23: Let 


a; € Los (7); *, 1 Si < 12} 


and 


a; € Ly (8), *, 1 Sis 12} 


Qi) ae Ger “A 
V a 1 2 6 | 
Qs. Ag: “es, iy 
be two non associative linear algebras defined over the field F = 
Z3. 
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Define a map T : M > V by 


It is easily verified T is a linear transformation of M into V. 


Example 3.24: Let 


a, a, a; 
M=y,/a, a, a, || a € Lo (10); 1 Sis 9} 
a, ag ay 


be a non associative linear algebra over the field Zo. 


Consider 
aaa 

W=s/a a al] a € Lo (10),*} CM 
aaa 


be a non associative linear subalgebra of M over the field Zo. 


Example 3.25: Let 


ai € Lo3 (9); *, 1 Sis 16} 


be a non associative linear algebra over the field Z3. 
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Let T: W — W such that 


a as ay a3 
| 9a: “Hes Sie Aig 
a; a, ay, as 
a, ag ay Aye 


T is a linear operator on W. 


Example 3.26: 
a, 

veu? 

a3, 


Let 


Ag 


aj € Li (4); f 1 <i<40} 


be a non associative linear algebra over the field Z),. 


Define f : V > Z,; by 


a, 

f}| °s 

a37 

That is if f 


Axo 


=1+2+3+4 (mod 11). 


97 


=8+7+1+0 (mod 11). 


It is easily verified f is a linear functional on V. 


Example 3.27: Let 


a, a, a, 
M=j\/a, a, a,|| a€ Ls (3),*, 1<sis9} 
a, ag ay 


be a non associative linear algebra over the field Zs. 


Consider 


aaa 
V=s\/a a all aeLs(3),*} cM; 
aaa 


V is a non associative linear sub algebra of M over the field Zs. 
Take 


T:M-—M defined by 


a, Uae a a; (ay. “As 
T [|a, a, a,|/=|a, a, a, 
yg xg a, a, ay 


It is easily verified T is a linear operator on M. 


Consider the map 


i a 
f:M-—Z,; defined byf|}|a, a, a, 
a, A) a, 
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= sum of the suffix values of a; which is 


142+34+44+2+0+2+0+2=1 (mod 5). 


Gq. Age By 
We will just show forave M;letv= |a, a, a, |beinM. 
ao as a 
gay By 
f}j}a, a, a,|/}=0+2+4+3+2+0+0+3+4 1 (mod 5) 
4 a4, a 
=0. 


Thus f is a linear functional on V. 


Now we proceed onto define non associative quasi linear 
algebra of polynomials. 


Example 3.28: Let 


a; € L, (3); *} 


M= ps a,x 
i=0 


be a non associative quasi linear algebra of polynomials over 
the field Z7. 


Example 3.29: Let 


aj € Ly; (8); *} 


i=0 


W= [Zax 


be a non associative quasi linear algebra of polynomials over 
the field Zn3. 
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Take 


aj € Lo3 (8); *} CW, 


V= s a,x’ 
i=0 


V is a non associative quasi linear subalgebras of W over 
the field Z3. 


Example 3.30: Let 


aj = 


with d; € Li,(3); *, 1<j <5} 


M= {s ea 
i=0 


ao Oo fe 8 


be a non associative column matrix coefficient quasi linear 
algebra over the field Z,,. 


Take 


de Li,(3); *} CM, 


a a a 


d 
W is a non associative quasi linear subalgebra of M over the 
field Zi 1s 


Example 3.31: Let 


d 
ai=| 2 | with d;e Lo9(10); *, 1 <j $20} 
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be a non associative column matrix coefficient quasi linear 
algebra over the field Zy. 


Example 3.32: Let 


d 
aj = fe with dy, d, E L3:(8), a 


2 


1 ={ Sea 


be a non associative column matrix coefficient quasi linear 
algebra over the field Z3). 


Example 3.33: Let 


aj = (dy, db, areal, do) with d, = L,3(3), B. 1 <j < 20} 


T= s a,x’ 
i=0 


be a non associative column matrix coefficient quasi linear 
algebra over the field Z;3. 


Example 3.34: Let 


aj = (dj, d>) with d e Li(4), m 1 = = 2} 


M =x 


i=0 


be a non associative quasi linear algebra of row coefficient 
polynomials over the field Z),. 


Example 3.35: Let 


a; = (dj, ..., dy) with d, € Ls(3), *) 1<j<11} 


M=| Soa 


be a non associative quasi linear algebra of row matrix 
coefficient polynomials. 
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(i) Find dimension of M over Zs. 


(ii) Prove M is commutative. 


Example 3.36: Let 


1 2 4, 15 
M={ Drax a=|d, di, di 30 
d,, dj ds, dys 


with d; € L23(12), *, 1 <j < 45} 


be a non associative quasi linear algebra of row matrix 
coefficient polynomials. 


Example 3.37: Let 


dd, d, d, 
— i d, d, d, d, 
Pa| Sax do ee Sd id 
i=0 9 10 11 12 

d, d, d, 4d 


with dj € Ljo(10), *, 1 <j < 16} 
be a non associative quasi linear algebra over the field Zio 
which is commutative matrix polynomial coefficient quasi 


linear algebra over Zo. 


Take T : P > P defined by 


P [Sax] = )'aix' where 
i=0 i=0 
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d, d, d, d, d, d, d, d,, 

a! = d, d, d, d, =. d, d, di di, 
d, di d,, d,, d, d, d,, d,s 
d,, di, d,s di, d, d, d,, di, 


for every square matrix a;. T is easily verified to be a linear 
operator on P. 


Example 3.38: Let 


P= 3 ax 
i=0 


lk: ee aera eines 
aj = dj € 11(6), *, 1<j< 16} 
ae: ee 


be a non associative quasi linear algebra over the field Zj). 
Clearly P is commutative. 


st a cee pecans 
ai = E > = 
dd... d " 


M= % a,x’ 
i=0 


is a matrix coefficient polynomial non associative quasi linear 
subalgebra of P over Z1. 


Now we proceed onto define Smarandache non associative 
linear algebras. 


DEFINITION 3.2: Let V be a loop suppose V is such that for a 
S-ring R we have the following conditions to be true. 


(i) Forallr € Rand v € Vrvand vr € V. 
(ii) le Rand VvEVIV=aveEV. 


(iii)(a + b)v = av + bv and a (v*u) = (av) *u = v * (au) 
foralla € Rand u, vé V. 
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Then we define V to be a Smarandache non associative 
linear algebra over the S-ring R. 


We will illustrate this situation by some examples. 


Example 3.39: Let V = {Lis (8), *} be a S-non associative 
linear algebra over the S-ring Zs. 


Example 3.40: Let S = {Ly (11), *} is a S-non associative 
linear algebra over the S-ring Z,). 


Example 3.41: Let P = {L33 (14), *} be a S-non associative 
linear algebra over the S-ring Z;3. 


We see if gs, g95 € P. 
&5 * 225 = (25x 14-5 x 13) mod 33 = 221 
225 . 25 = 25x 14-25 x 13) mod 33 = 232 


Clearly gos * gs # g5 * Qs; hence the S-non associative 
linear algebra is non commutative. 


Suppose 10 € Z33 now 10g5 = 850 (moa 33) = 817: 
Infact 20ge = goo that is for a € Z33 a.ge = ga. 


Also 0. 2+ = So. (mod 33) = o- 


Example 3.42: Let M = {Ls7 (23), *} is a S-non associative 
linear algebra over the S-ring Z57. 


Now the study the substructure in S-non associative linear 
algebras is a matter of routines, hence is left as an exercise to 
the reader. 


However we now built different S-non associative linear 


algebras over S-rings, which will be illustrated by some 
examples. 
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Example 3.43: Let V = {(a1, a2, a3) | a; € Ls7(32); 1 <i < 3, *} 
be a S-non associative row matrix linear algebra over the S-ring 
Zs7. Take P = {(a, a, a) | a € Ls57(32), *} Cc V is a S-non 
associative row matrix linear subalgebra of V over the S-ring 
Z57. 


Example 3.44: Let P = {(aj, a2, a3, a4, as) where aj € Z;5(8), 
1 <i<5, *} be a S-non associative row matrix linear algebra 
over the S-ring Z)s. 


Example 3.45: Let M = {(aj, a2, ..., aio) | aj € Ls7 (23), 1 Sis 
10, *} be a S-non associative row matrix linear algebra over the 
S-ring Z57. 


We see it is not easy to find sublinear algebras such that M 
is a direct sum. 


However we have S non associative sublinear algebras. 
Further we can define linear transformation in case of two S- 
non associative sublinear algebras only if they are defined over 
the same S-ring. 


We give illustrations of these. 


Example 3.46: Let M = {(aj, a, a3, a4) | aj € Ly5(8), *, 1 Sis 
4} be a S-non associative row matrix linear algebra over the S- 
ring Zjs. 
Example 3.47: Let 
d, 
d, 
T= ; where dj € Ls)(14), 1 <j < 10, *} 


dio 


be a S-non associative column matrix linear algebra over the S- 
ring Zs). 
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Example 3.48: Let 


m; € Le(11), 1 <j <6, *} 


be a S-non associative column matrix linear algebra over the S- 
ring Zoo. 


Example 3.49: Let 


d; € Ls7(26), 1 <j <3, *} 


be a S-non associative column matrix linear algebra over the S- 
ring Ze7. 


Example 3.50: Let 


d, i. Ly (20), 1 Sj <7, *} 


be a S-non associative column matrix linear algebra over the S- 
ring Z|. 


Now we give some examples of S-non associative matrix 
linear algebras over the S-ring. 
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Example 3.51: Let 


aj € Lis (8), 1 $j < 16, *} 


be a S-non associative column matrix linear algebra over the S- 
ring Zys. 


Clearly M is commutative. 


Example 3.52: Let 


a, ay Ayo 
M= 4/a, ay «+ Ag || a Ls7(8), 1 Si < 30, *} 
A, a2 439 


be a S-non associative matrix linear algebra over the S-ring Z57. 


Example 3.53: Let 


ai € Li5(8), 1 <1 < 30, *} 


Arg Agy 39 


be a S-non associative matrix linear algebra over the S-ring Z)5. 
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Example 3.54: Let 


V=4\a, a a, a, || a € Ls(8), 1 Si< 12, *} 


Ay A109 ay Ayo 


be a S-non associative matrix linear algebra over the S-ring Z57. 
Example 3.55: Let 


M = {(aj, a, ..., a9) Where aj € Li1)(11), 1 $j $9, *} 


and 
a, a, a, 
V= s/a, a, a, || a € Lin (8); 1S1<9, *} 
a, ag ay 


be two S-non associative matrix linear algebra over the S-ring 
Zin: 


Consider T : M > V be a map such that 


a, a4, a, 
T ((aj, a, ..., A9)) =| a, as, a 
a, a, a 


T is a linear transformation from M to V. 
Example 3.56: Let 
V = {a; € Lis (8); 1 <i < 12, *} 


be a S-non associative matrix linear algebra over the S-ring Zi. 
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Consider a map T : V > V defined by 


a a, a; Aan Ay Ayo 
a, a, a a, a, a 
4 D; 6 9 8 7 
T = 
Den Aas ay ay “Be Ay 
Ajyp 4, AyD a a, a, 
T is a linear operator on V. 
Example 3.57: Let 
a; ay at) 
ya; ys. ake 
11 12 20 : 
V= a, € L33(17); 1 <i < 40, *} 
Gigy Bing. “ae By, 
a3; 39 a4 


is a S-non associative matrix linear algebra over the S-ring Z33. 


Let 


Bi Gy orn gg . 
W= | aj € L33(20); 1 <i < 40, *} 
. a 


be a S-non associative matrix linear algebra over the S-ring Z;3. 


Define n : V > W; 


a a, Ayo 

n ai, yp Ayo | a, a 
ay, Ay 439 Az, Ag. a4 
43; Ag, A49 
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7) is a linear transformation from V into W. 
Now all other properties associated with non associative 


linear algebras can be defined and derived with simple 
operations. 
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Chapter Four 


GROUPOID VECTOR SPACES 


In this chapter we introduced some new concepts called 
groupoid vector spaces, loop vector spaces and quasi loop 
vector spaces. We study and analyse these notions in this 
chapter by examples and results. 


DEFINITION 4.1: Let V be a set and G a groupoid under a 
binary operation *. We say V is a groupoid vector space over 
the groupoid G if the following conditions are true; 


(i) Forallv € V andg €G, gv=vg eV. 
(ii) (g) * g2)v = giv * gv forall g), g. € Gand ve V. 


We will illustrate this situation by some examples. 
Example 4.1: Let V = {3Z, 5Z, 7Z} be a set. G = {Z, *, (9, 4)} 


be a groupoid. V is a groupoid vector space over the groupoid 
G. 
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Example 4.2: Let W = {5Z, 8Z, 23Z, 11Z} bea set. G = {Z, *, 
(0, 12)} be a groupoid. V is a groupoid vector space over the 
groupoid G. 


Example 4.3: Let M = {18Z* U {0}, 29Z* U {0}, 17Z* U {0}} 
be a set and G = {Z" U {0}, *, (13, 13)} be a groupoid. M is a 
groupoid vector space over the groupoid G. 


Example 4.4: Let S = {3Z, 5Z, 17Z, 29Z, 43Z} be a set. 
G = {Z, *, (17, 19)} be a groupoid. S is a groupoid vector 
space over the groupoid G. 


All these groupoid vector spaces are of infinite dimension. 
We will show now groupoid vector space of matrices. 


Example 4.5: Let W = {(a1, a2, a3), (a1, a2), (a1, a2, a3, a4, a5, a6) 
la.€ 3ZUS5ZU7Z} bea set. G= {Z, *, (29, 0)} be groupoid. 


W is a groupoid vector space of matrices. 
Example 4.6: Let 
1 
a a, 
R= 4|a, | he a, ..., ajo) las € 2Z USZ UTZ, 
a, a, 
1<i<10} 


be a set and G = {Z, *, (3, 17)} be a groupoid. R is a groupoid 
vector space of matrices. 


Example 4.7: Let 


a, a, a a, a; 44 
a a a a a a a 
1 a, a, 3 4 5 8 
w= } | 
a, as a, ay aio 
age, gel ia: Bek. sg eee 


a,€é Z,1<i1< 26} 
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be a set of some matrices. G = {Z, *, (3, 2)} be a groupoid. W 
is a groupoid vector space of matrices. 


Example 4.8: Let 


a; 
a, a, wwe Arg ee 
M = {(a1, a2, -.-, 10), |. | aj € Z; 1 <i< 32} 
nt as els 
a 


8 


be a set of matrices. G = {Z, *, (10, 11)} be a groupoid; M is 
groupoid vector space over the groupoid G. We can define 
subgroupoids vector subspaces and groupoid vector subspaces, 
this is a matter of routine. 


We will illustrate this situation by some examples. 


Example 4.9: Let 


a a, a3 a; ay 

a, 
P= { (i, ao) o-98ie)s | a 5) ay Ag “Ag | Bi se Ay 
F a, ag ay | lay - Ary 


18 


a, € Z;1<i<27} 


be a set of matrices. G = {Z, *, (2, 13)} be a groupoid. P is 
groupoid vector space over G. 


ay 
a 
X= {(a1, a, ...,a16),} . |] ae Z;1Si<18}cP 


Ajg 


is a groupoid vector subspace of P over G. 
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Example 4.10: Let 


i “cas 
a, a, 4, 
a; ay ; 
M = {(ay, a2), ay a; a6 tos : aj € Z, 1<is< 20} 
a, ag ay 
Aig Ang 


be a groupoid vector space over the groupoid G = {Z, *, (7, 0)}. 


Consider 


a 
Y={(@,a),; 2 2 || ae Z,1<i<20}cM, 


Aig Ang 


Y is a groupoid vector space over the groupoid H = {7Z, *, 
(7, 0)} CG. 


Infact Y is a subgroupoid vector subspace of M over the 
subgroupoid H of M. 


Example 4.11: Let 


a, a, ag 
a, a, 
P= ,/a, a, ayy |, , 
a, a, 
413 Ary Ais 


(ay, 2 ae a1) | a; = Z; l<is< 18} 


be a groupoid vector space of matrices over the groupoid 
G = {Z, *, (17, 17)}. 


114 


Consider 


a, a, : 
M= » (aj, a2, ..., a) 1 ape Z; 1 <i<11} CP; 
a, a4 


M is a subgroupoid vector subspace of P over the subgroupoid 
H = {3Z, *, (17, 17)} cG. 


Now we proceed onto give example of finite groupoid 
vector space defined over the groupoid G. 


Example 4.12: Let 


a, a, a; ‘ 
V = {(a1, a2), |a, || aie Zo, 1<Si<6} 
a a 


4 5 


be a groupoid vector space of matrices over the groupoid G = 
{Zo, *, (7, 2)}. 


Example 4.13: Let 


a, 
a, a, ay 
Se a; a, 
M = {(ai, 9s. <iavey a7), “ ’ a9 ay, eae aig 5 
: a; ay 
Aig Aggy a7 
Ai 


aj € Zi93 1 <1< 27} 
be a groupoid vector space of matrices over the groupoid 


G= {Zjo, *, (12, 9)}. 


aj, € Zi9; 1 <i<7} 
a; a4 


a; a, 
P = {(ai, a2, .--, a7), 
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be a groupoid vector subspace of matrices over the groupoid 
G = {Zio, ue (12, 9)}. 


Example 4.14: Let 


rf a, a, a, 
ag a, Axo 
an Big de Be || Ee Boe Ler 30} 
Ai6 a7 Ano 
Ay, Ag» ays | 


be a groupoid vector space of matrices over the groupoid G = 
{Zo40, (11, 19)}. 


a; ay as 
de - Be ak By 
Ay By aap’ - Hy 
T= s | gy Big ee! Big | | eS Zegas 
i. Hees Bia 
Aig yy Ayo 
[421 Ag. A45 


1<i<25}cW; 


be a groupoid vector subspace of matrices over the groupoid 
G = {Zp40, *, (11, 19)}. 
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Example 4.15: Let 


He ig. My ay ah Sas 8 
M= ‘ Ja, as ag |, 
437 Azg  Agg Ago mie. 
a a, aio 
4 Ap + Aggy || aE Za; 1 SiS 40} 
Az; Ago 39 


be a groupoid vector space of matrices over the groupoid 
G= {Zx, *, (20, 23)}. 


a; a, a, a a, Ayo 
Tees) ay. Be Be ly | ay “Be Any || ai € Zaz; 1 $1543} 
a, ag ay A, Ag. 439 


c M; be a groupoid vector subspace of matrices over the 
groupoid G. 


We see M =P + T and POT = 9 that is M is a direct sum 
of subspaces over the groupoid G. 


Example 4.16: Let 
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A. Ge. eBay By 


a a we A a 
uA» 20 2 : 
‘| ,(A,,45,-.,4,5)} ai © Zayas; 1 Si < 40} 
Ay, Ay a3 : 
43; 439 ee Aggy | | Ago 


be a groupoid vector space of matrices over the groupoid 
G= {Zy5, *, (11, 0)}. 


Take 


| aj € Z4as; 1 S$i<12}c M; 


a, a, 4 
P,= (8, 5855-5845) | a € Zags; 11515} CM; 
a 


a; 4 


Ae . 
P3 = lie & ai € Z45, 1 <1 S40} CM 


ay ay 
Aso 
and 
a, a, ayy 
a a a a wear 
1 2 ul 2 20 , 
Py = } ai € Z45, 1 <1 <40} CM 
A, Ay} Az, Ag «se  Agy 
a3; 439 a4 


be a groupoid vector subspaces of M over the groupoid. 
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a a 
WeseeP.OF,=| ‘| isiisdie 
a 


3 4 


Clearly M c P; + P2 + P3 + Py. Thus M is a pseudo direct 
sum of groupoid vector subspaces of M over the groupoid G. 


Example 4.17: Let 


a a a a a a 
1 2 3 4 5 6 . 
v= } : : . (A) ,85,...5A45) aj € Z4253 


1<i<30} 


be a groupoid vector space over the groupoid G = {Zys, *, 
(11, 19)}. 


ap ay a 
1 2 3 
digs’ cn “te 


a 
M2 = . |) ai © Zags; 1 Si S30} CV, 


aE Za5, 1 $1 <6} CV, 


Arg Ang 39 
and M;3 = {(ay, Q2, «665 a2) | ay € Z4253 l<is 12} € V be 
groupoid vector subspaces of V over the groupoid G. 


Clearly Mj 0 Mj = 9; 1 $i, j <3 if i 4j. 
Further M,; + M2 + M3 = V. Thus V is a direct sum of 
groupoid vector subspaces of V over the groupoid G. 


We now as in case of usual structures define groupoid linear 
algebra over the groupoid G. 
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We say a groupoid vector space V over the groupoid G is a 
groupoid linear algebra if V is closed under some operation. 


We illustrate this by the following examples. 


Example 4.18: Let 
a, | {ai © Zas; *, (12, 0), 1 Sis 12} 


be a groupoid vector space over the groupoid G = {Z4s, *, (12, 
0)}. Since V is a groupoid under *; so (V, *) is a groupoid 
linear algebra over the groupoid G. 


Example 4.19: Let 
ay € L053 *, (21, 4), l<is< 30} 


be a groupoid linear algebra over the groupoid G = {Z)s, *, (21, 
4)}. 


Example 4.20: Let 
a, 
a 

M=3| 2 |lae Zig; *, (11, 7), 1<is 19} 


Aig 


be a groupoid linear algebra over the groupoid G = {Zis, *, 
(11, 7) }- 
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Example 4.21: Let 


v= {: | 
a, a, 
be a groupoid linear algebra over the groupoid G = {Zig2, *, 
(3; 13)}. 


ai € Zig0; *, 3, 13), 1 <1<4} 


Example 4.22: Let 
W = {(aj, a, ..., aso) | aj € Zs3; *, (22, 31), 1 <i < 19} bea 
groupoid linear algebra over the groupoid G = {Z53, *, (22, 31)}. 
We have the following theorem. 
THEOREM 4.1: Let V be a groupoid linear algebra over the 
groupoid G. V is a groupoid vector space over the groupoid G. 
But a groupoid vector space V over the groupoid G in general is 
not a groupoid linear algebra over G. 
The proof is direct and hence is left as an exercise to the 
reader. We now give examples of groupoid linear subalgebra of 


a groupoid linear algebra. 


Example 4.23: Let 


v= {2 


be a groupoid linear algebra over the groupoid G = {Zij, *, (3, 


weld] 


W is a groupoid linear algebra over the groupoid G = {Zi., *, (3, 
7)}. 


a € Zio;*, (3, 7), 1 Sis 4} 


ae Zig; *, G, 7} V, 
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Example 4.24: Let 


a; € Zo7, *, (17, 0), 1 <i < 40} 
437 43g = Azq Ag 


be a groupoid linear algebra over the groupoid G = {Z, *, (17, 
O)}. 


Consider 
aa a 
aaaa 
M= é a s q ae L271; th (17, 0)} cV, 
aaaa 


is a groupoid linear subalgebra of V over the groupoid G. 
Example 4.25: Let 

Ve= {(ar, ao, ..., aio) lai € Zoo, *, (3, 3), 1 Si < 16} bea 
groupoid linear algebra over the groupoid G = {Zpo, *, (3, 3)}. 


Take W = {(a, a, ..., a) la € Zoo, *, (3, 3)} be a groupoid 
linear algebra over the groupoid G. 


We can define transformation and linear operator on 
groupoid vector spaces (linear algebras). 


Example 4.26: Let 


a, a, a, a a, a 
1 2 3 4 1 2 

V= i fern) 
de> Bg Bs. ay. | ae ay 


1<i<10} 


ai € Zis, 
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be a groupoid linear algebra over the groupoid G = {Zig, *, (3, 
7)}: 


a, a, a, a, 
a, a, a ay 7 
W= ,(a,;,4,,43,a,), : a, € Zig, 1 <1 < 10} 
as a, : 
a, ag ay aig 


be a groupoid vector space over the groupoid G = {Zg, *, 
(3, 7)}. 


Define T: V > W; 


a, a, 

a, ay 

T ((ai, a2, ..., Ato) =] ase 
Qs; cas 

| Ay Ai9 


T is a linear transformation from V into W. 
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Example 4.27: Let 


a, ay a9 
A M2 8 a a a 
7 12 20 
Vi=4/8, as ae |,(8,,855.-,Ayg)s 7 7 
2 Ad 30 
a; ag ay 
43, Az A 49 


aj € Z45, 1 <1 < 40} 


be a groupoid vector space over the groupoid G = {Zys, *, (7, 


3)}. 


Define T : V > V by 


T ( ay a; a6 ) = (ai, a}, a2, a2, a3, a3, ..., Ag, ag). 


a, Ag ay 
a a a 
1 2 10 
See «ae - a ay As 
un Ap 20 
T( )=] ay Asy Ayo 
Az, Ago 439 a é a 
25 35 Ayg 
A3; Az. Axo 
and 


T ((a1, a, eens ais)) = a, ay ayy 


T is a linear operator on V. 
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Example 4.28: Let 


a, a, a, 
M=j/a, a, a, }|a€ Zo, 151959, *, (11, 11)} 
a, ag ay 
and 
i 
a, 


W = 4/ a, | |ai © Zao, 1 $19, *, (11, 11)} 


* 


be two groupoid linear algebras over the groupoid G = {Zu4o, *, 
(11, 11)}. 


Define a map T : M > W by 


a, 

ay, “ays Bs a, 

To) | By as: aig) | = ay 
a, ay a, 

ay 


T is a groupoid linear transformation of V into W over G. 


Example 4.29: Let 


Axo 


V=4fa, a, a, aj, |lare Zs, 1<i< 12, *, (11, 15)} 


a, Ag Ag ayy 


be a groupoid linear algebra over the groupoid G = {Zy43, *, (11, 
15)}. 
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T:V-— V be defined as 


fis a: a: ee 
T is a linear operator on V. 
Example 4.30: Let 
P= {(ay, ABs etng a4o) | ai € Z45, 1<i < 40, *. (3, 0)} 
be a groupoid linear algebra over the groupoid G = {Z4s, *, (3, 
0)}. Define f : P — G by 
f ((aj, az, ..., A4o)) = a1 * ago. 


f is a linear functional on P. 


Example 4.31: Let 


aj € Z125, 1 <j < 60, * (23, 0)} 
assy Aso 60 


be a groupoid linear algebra over the groupoid G = {Zjs5, *, (23, 
0)}. 


Define T : V > V by 


ay ey Ay i By “a, 
a a a a a a 
4 5 6 4 4 4 
pe oe yee 
Ass  Asg §— Agy Ass Asg Ass 


T is a linear operator on V. 
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Define f : V > G. 


a, a, a, 
f( o B K ) = a; * ago. 
Asg  Asg Ago 
F is a linear functional on V. 
Example 4.32: Let 
ay a a, a; 
V= i © hentai a 4 oe as 46 ai € Z4o, 
a, dy : : : : 


ays Ai6 ay; Aig 


e718) 


be a groupoid vector space over the groupoid {Zauo, *, (7, 11)} 
G. 


Define f : V Zag by 


Ee 
f( )=ay * ay 


a, a, 


f (a1, a2, ..., an) = any 


a, 
f(] . |) =a10 * ar 
and 
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Aig yz Ag 


f is a linear functional on V. 


wef 4 
Ae Ay 


W2 = {(a1, a2, ..., ai) | ai € Za, 1 SiS 11} CV, 


Take 


aj € Za, 1 S154} CV, 


W3=4| 7 |laje Zo, 1Si<15} CV 
and 


aj € Zag, 1S1<18} CV 


Ai6 a7 Aig 


be groupoid vector subspaces of V over the groupoid G. 


Clearly V = W; + W2 + W3 + W, and Wi M W; = 0; i#j, 
i<ijs4. 


Now we see V is the direct sum of groupoid vector 
subspaces of V over the groupoid G. 


We can also define the notion of groupoid vector spaces and 
groupoid linear algebras over the groupoid G. This is a matter 
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of routine and hence left as an exercise to the reader. We 
supply only examples. 


Example 4.33: Let 


7 45 200 300 
V= [Zax Sea! Sea’ b a,x’ |ai © Z47, 0 Si S$ 300} 
i=0 i=12 i=40 i=208 


be a groupoid vector space over the groupoid G = {Zy, *, (3, 
4)}. 


This is known as the groupoid vector space of polynomials. 


Example 4.34: Let 


a; € Z7, 0 <i < 49} 


20 49 ; 
M= {ax S a,x" 


i=0 i=40 


be a groupoid vector space over the groupoid G = {Z;3, *, (0, 
49)} =G. 


Example 4.35: Let 


ai € Zag, 0 $1 < 27} 


i=2 i=9 


7 27 ; 

rs by ss 

be a groupoid vector space of polynomials over the groupoid 
G = {Zyg, *, (29, 0)}. 


Example 4.36: Let 


ae Zio, *, (7, 2)} 


i=0 


T= [Bax 


be a groupoid linear algebra of polynomials over the groupoid 
G= {Zio, *, (7, 2)}. 
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Example 4.37: Let 


P = {Zax aj € Z1; *; (4, 0)} 


i=0 


be a groupoid linear algebra polynomial over the groupoid 
G = {Z;, =, (4, 0)}. 


We now proceed onto give examples of substructures. 
Example 4.38: Let 
200 


20 90 ; 
V= {Sax 3 aX sy ax 
i=0 


i=40 i=98 


aj € Zi7} 


be a groupoid vector space over the groupoid G = {Zy7, *, (11, 


7)}. 
Take 
20 : 
P; = [Bax a € Zi} CV, 
i=0 
90 ; 
P> = {Sea aj E Zy7} Ce Vv 
i=40 
and 
200 
P; -| Sax aj E Zy7} & Vv 
i=98 


be a groupoid vector subspaces of polynomials over the 
groupoid G = {Z7, *, (11, 7)}. Clearly V = Pj + P2 + P3 isa 
direct sum of subspaces of V. 
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Example 4.39: Let 


v= [Sax'3 Ya Sax', Sax! ai € Zyzo} 


i=20 i=100 


be a groupoid vector space over the groupoid G = {Zay, *, (3, 
43)}. 


Take 


12 


3 
M, = (Dax. a,x ai € Zan} CV, 


i=0 i=7 


3 26 
M2 = [Dax a,x’ aj € Za20 } ee V, 


i=0 i=20 


aj € Z420} Cc V 


i=0 i=100 


3 120 
Ma {ax id > a,x’ 
be groupoid vector subspaces of V over the groupoid G. 


M; ia) M; = [Dax 


i=0 


ai € Za20} ifiFy], 1 <i, j <3. 


Further V c M,; + M, + Ms; is the pseudo direct sum of groupoid 
vector subspaces of V over G. 


Example 4.40: Let 


m= Sax) Sax Sax by y ax! a, € Z41} 


i=20 i=50 i=76 i=120 


be a groupoid vector space over the groupoid G = {Za9), *, (143, 
0)}. 
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The reader is left with the task of finding direct sum, pseudo 
direct sum, linear operator and linear functional on M. 


Now we can define in a similar way groupoid linear 
algebras over a groupoid G. 


Example 4.41: Let 


aj € Zaz, *, (19, 0)} 


V= {Sax 


i=0 


be a groupoid linear algebra over the groupoid G = {Z4;, *, (19, 
0)}. 


Example 4.42: Let 


aj € Zia, *, (2, 2)} 


V= {Zax 


i=0 


be a groupoid linear algebra over the groupoid G = {Zj4, *, (2, 


2)}. 


Example 4.43: Let 


aj € Z3, * ee 6)} 


V= [Zax 


i=0 


be a groupoid linear algebra over the groupoid G = {Z,;, *, (7, 
6)}. 


Now we can use instead of these groupoid G = {Z,, *, (t, 
u)}, the complex groupoids 

CG) = {C@Z,), * (t, u) with i = n-1 where C(z,) = 
{a+ bipla, be Z,}}. 
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We will only illustrate this situation by a few examples. 
When complex groupoids are used we call these groupoid 
vector spaces as complex groupoid vector spaces. 


Example 4.44: Let V = {C (Zoo, *, (7, 3)} be a strong complex 

groupoid linear algebra C (Zo9) = {a + big | re = 28, *, (7, 3)}. 
Note if C (Z9) is replaced just by the groupoid G = (Zpo, *, 

(7, 3)} we call V only a complex linear algebra over the 


groupoid G. 


Example 4.45: Let 


a 

7 a a, a, 

2 . 
Vv = {(a1, a2, a3), P| oy a, as ag aj E  & (Za), 1; — 23, 

3 

As. By. =a, 
ay 

1<i<9} 


be a groupoid complex vector space over the groupoid G = {Zpa, 
*,G; 8)I- 


It is interesting to note that we can get for the same set of 
matrices V with entries from C(Z,4) several groupoids G where 
(t, u) can take any value from Z 4 X Zo4. This feature will be 
very much helpful when one practically works on a problem. 


Example 4.46: Let 


ay 
a a, a, a, 
2 2 
V = {(a1, a2, a3), lay, Hae <a ll Be CZ) aos, 
3 
ay, “By. a5 
ay 
1<i<9} 
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be a groupoid complex vector space over the groupoid G = {Zps, 
*, (13, 0)}. 


Example 4.47: Let 


a, a, a, 
a, : 
V = {(ai, a, a3), ay Be “ae || e CIZ5i,- 7 S23, 
3 
a, ay ay 
a, 
1<i<9} 


be a complex groupoid vector space over the groupoid G = {Zp4, 
*, (0, 19)}. 


Example 4.48: Let 


a, 
a a, a, a, 
2 +2 
W = {(ai, a, a3), a [es Ae: Ae ee C (Zz), ip = 23, 
3 
a, ag ay 
a, 
1<i<9} 


be a complex groupoid vector space over the groupoid G = {Zy4, 
* (17, T2)}s 


Example 4.49: Let 


a, 


a a, 4a, 

M = {(ai, a, as), . ay ae Big | | eee Bon), 28, 
‘ a, ag ay 
1<i<9} 
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be a complex groupoid vector space over the groupoid G = {Z,;, 
F(195497%: 


Example 4.50: Let 


a 
e ay ag as 
2 5 
P= {(ai, a2, as), ite a, a, a, || ae C (Za), i, = 23, 
3 
AG Bg. Ag 
ay 
1<i<9} 


be a strong groupoid complex vector space (strong complex 
groupoid vector space) over the complex groupoid G = {C (Zpy), 


*, (10, 12) where C (Zs) = {a + big | i2 = 23, a, b © Zny}. 


Example 4.51: Let 


a, 
a a, a, 
a 
2 : 
M = {(aj, a2, a3), ‘ a, as, ag || ae C(Zy), 1<Si<9} 
3 
a, ag ay 
a 


be a strong groupoid complex groupoid vector space over the 
complex groupoid 
G= {C (Zy) = {a t+ ipb | if = 23, a, b © Zos, *, (20, 20)}. 


Now we can give one or two examples of strong complex 
groupoid linear algebras and complex groupoid linear algebras. 


Example 4.52: Let 


a a4, a, 
T= 7 
A Wie Gas 


ai € C (Zs), 1 <i <6, i, = 42, (0, 3), *} 
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be a groupoid complex linear algebra over the groupoid 
G = {Zz, *, (0, 3)}. 


Example 4.53: Let 


aj € C (Z30), 1 <i< 40, 


ip = 29, (5,5), *} 
be a complex groupoid linear algebra over the groupoid 
G = {Zy0, *, (5, 5)}. 


Example 4.54: Let 


ay a, a; 
P= j/a, a, a, |} ae C (Zo), 1 Si 9, (10,8), *} 
de: By. By 


be a complex groupoid linear algebra over the groupoid 
G = {Zye, *, (10, 8)}. 


Example 4.55: Let 

M= {(a1, ADs wie ajo) | aj € C (Zag), l1<i< 10, (1,7), *} 
be a complex groupoid linear algebra over the groupoid G = 
{Zag *, (1, 7)}. 


Example 4.56: Let 


M=4/°? || ae C (Zs), 1Si< 15, (10,5), *% i2 = 14) 
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be a groupoid complex linear algebra over the groupoid 
G = {Z5, *, (10, 5)}. 


Now we can also have strong groupoid complex linear 
algebras. 


Example 4.57: Let 


a, 


S= e a, € C (Zp), 1 Si <9, (3,7), *, if =1} 


be a strong complex groupoid linear algebra over the groupoid 
C (G) = {C (Zin) = {at irbla, be Zp, iz = 11}, *, GB, 7}. 


Example 4.58: Let 


a, € C (Za), 1 Si < 16, 


(10,10), *, i; =39} 


be a strong complex groupoid linear algebra over the groupoid 
C (G) = {C (Zuo), *, (10, 10)}. 


Example 4.59: Let 

W ={(ai, a2, ..., a20) lai € C (Zio), 1 Si ¥ 20, (5,5), *, if =9} 
be a strong complex groupoid linear algebra over the groupoid 
C(Gy={C Zi), 5, 5s, a 9 
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Now we can define substructures in them which is a matter 


of routine. 


Example 4.60: Let 


M = {(aj, a, a3, a4), P |) Ag Ay Ay Ay Ay Ay Ay 


3 
15 a6 a7 aig Aig Axo 21 
ay 


a,e C(Z,;), 151221, i, = 24} 


be a complex groupoid vector space over the complex groupoid 
G= {Zp , *, (10, 11)}. 


Take 


Pi = {(ai, a, a3, a4) | a; € C (Zps), 1 Si <4, if = 24} CM, 


a, 
a, < oy) 
P,= ai € C (Zs), 1 Si<4, i, =24} CM 
a; 
ay 
and 
Ge Ge Se SRE Oe gs 
P3= ag Ay Ay Ay Ay 43 Ayy a; € C (Zps), 


M5 Aye Ay yg Ag Ang = Ay 
Psi, f=24}eM, 


P,, P, and P3 are complex groupoid vector subspaces of M over 
the groupoid G = {Z)s, *, (10, 11)}. Further P; M Pj = 6, 1 <1, 
j<3andM =P, + P, + P3; that is M a direct sum of subspaces. 
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Example 4.61: Let 


a, 
a, 8, a; a 
a, 
B= |a, a a, 4, ae 
Ay ayy Ay AyD 
Ax 
a, a, A) Hig Bp My. By, He 
(585 5.045846)s aj € 
a, a4 a, ag ag Ay Ay yp 


C(Za7), 1 <i < 20, if = 46} 


be a complex groupoid vector space. 


Take 
a; 
A By Ay: ay 
a 
Sp= 4) ay. @g. a ag |, : a; € C (Z47), 1 $i S$ 20, 
ay Ai ayy ain 
Ar 
i = 46} CB, 
a, 
— jf a, a, |] a, ; on 
S.= | . |Jare C (Za), 1 $1520, i, =46} CB 
a, a, : 
Ax 
and 
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a a, a, a, a a a 
2 1 2 3 4 5 6 
S3= : | | ai € C (Zy), 


1 <i<20, i;=46} CB; 


S;, Sz and S3 are complex groupoid vector subspaces of B over 
the groupoid G. 


a 
Clearly S$; 1 S; = ‘ fori#j,1<i,j $3 andBcS,+S> 


a9 


+ S; that is B is the pseudo direct sum of complex groupoid 
vector subspaces of B over the groupoid G. 


Example 4.62: Let 


a, 


a a a a a 
1 2 1 2 3 

T= } : ? ytsenty| | 
a, : a, a, a 


ai; 


aj € C (Zs), 


LSiSd7, i =49} 


be a groupoid complex vector space over the groupoid G = {Zs0, 
* (10, 12)}: 
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Consider 


a; 
a a, a, a a : 
M= Pa : | = Ware: Zan aan 174 
a,|}a, a; a, : 
a7 


to be the groupoid vector space over the groupiod G. We say M 
is a pseudo complex groupoid vector subspace of V over the 
groupoid G. 


Example 4.63: Let 


| |s(@ysAqs28y9) | ai € C (Zin), 1 SiS 20, i; = 119} 
AX6 


be a groupoid complex vector space over the groupoid 
G = {Zi20, *, (26, 0)}. 


Consider 


C(Zi20), 1 SiS 20} CT, 
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P is a pseudo complex groupoid vector subspace of T over the 
groupoid G. 


Consider a map f : T > T defined by 


(3 age P= (ana 


a1, yy vee AD 


a, a, a, a, a, 
a a a a a 
5 6 7 8 2 
f( )= 
ay Ayo ay Ajo 
a1; aig ais Ai6 Ai6 
a a ee a 
1 2 10 
f (ai, a2, ..., a20)) = ) 
Ay, Ay ve Aggy 
and 
a, a, a, a, a, 
a a a a a 
2 5 6 7 8 
f ( )= 
ay Ayo ay Ajo 
Ane a1; any ais Ai6 


F is clearly a linear operator on T. 


Let n : T  Zj29 defined by 


a, 


a 
nN ( : ) = sum of real part of (a1, a2, ..., a16) (mod 120). 
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N((ai, ..-, A20)) = sum of real part of ajo and ayo (mod 120) 


a: a, a. a 
ay a19 ayy ary 
443 ayy a5 Ai6 


= sum of real part of a; + a6 + a1; + aie (mod (120)) 
a a, .. a 

n ( 1 2 *) 
ip 1 Aig... ale: | lag 

= sum of real part of (a5 + aio + ais + a9) (mod 120). 


In this way 1 is a linear functional on T. 


Example 4.64: Let 


a 
a, ay a3 
a, ay 
W= 4/8, as a6 },] . . | 
a, ag ay 
a, a 


ap ay By Ay Bs 4 
LC: epee: ai € C (Zjo), 1 $i < 12, 
a 


6 4, ag ag Aj 


be a complex groupoid vector space over the groupoid 
G -_ (Zio, * ; 2)}: 


143 


a 
5 aj € C (Zio), 1 <i < 10} 


Ay Ai9 A19 ay Ayo 


be a complex groupoid vector space over the groupoid G = {Zyjo, 
*, G, 2). 


Define T : W > V by 


a, a, a, 
T ( a, a; a6 ) = (a), a2, »+., ag) 
| a, ag ay 
ss a a, a; 
a a a a a 
3 4 4 5 6 
T ( )= 
a, ag Ay 
ai, aio A19 ay, Ayo 


a, a, .. a, 
T ((aj, a, .-., a10)) = | 


De Bg “a> (Big 


Clearly T is a linear transformation of W to V. 
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Example 4.65: Let 


a, a, a, 
M = {(a1, a2, a3), ’ 
a, a, ay 


be a complex groupoid vector space over the groupoid 
{Ze, *, (3, 0)} =G. 


a; € C (Z,), 1Si <4, iz =5} 


We define a map f : M > Gas follows: 
f (aj, a2, a3) = sum of real part of a; (mod 6). 


That is if f (3 + 4ip, 2ip, 5ip + 5)) = 3 + 5 (mod 6) = 2 
a, ; 
f ( ) = real part of a, that is 
a, 
£( 3+5i, = 5 
5 +2i, 
and 


f |e | = sum of real part of (a; + a4) (mod 6). 


; i) es 
That is f ; ; = 5+4 (mod 6) = 3. 
2i,+4 4+41, 


Thus f is a linear functional on M. 
Now we can get similar results in case of strong complex 


groupoid vector spaces / linear algebras over a complex 
groupoid C (G). We see every strong complex groupoid vector 
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space contains a pseudo strong complex subgroupoid vector 
space. 


Example 4.66: Let 


a; 
a a a a a a 
1 2 3 2 1 2 
V= } : (4485.08 | aj € C (Z)3), 
a, as a¢ : a, a4 
a; 


1<i<8} 


be a strong complex groupoid vector space over the complex 
groupoid C (G) = {a+ bipl a, b € Z)3, ie = 12, *, 3, 10)}. 


Take 
a, 
a a a a a a 
P= e ° | ‘ \° | aj € C (Zi3), 1 $i<7, 
a, a; 4, : a, a, 
a, 
ial ey, 


P is a pseudo strong complex subgroupoid vector subspace over 
the subgroupoid G = {ala é€ Z)3, (3, 10), *}. 


Example 4.67: Let 


M = {: ay a, | 
as a6 a, ag 
be a strong complex groupoid vector space over the complex 
groupoid C(G) = {a + big 1a, b € Zaus, *, (13, 0) ip = 44}. 


aj € C (Zy5), *, (13, 0) 1 $j S$ 8} 


146 


a; a, a3 ay : 
P= ; aj © C (Zys), *, (13, 0) 1 1 8, 
Ge Sie. “Ay. ay 


2 =44} cM 


is a pseudo strong complex subgroupoid linear algebra over the 
subgroupoid G = {Z4s, *, (13, 0)}. 


Next we proceed onto define loop vector spaces, strong loop 


vector spaces, quasi loop vector spaces and strong quasi loop 
vector spaces and describe them with examples. 


DEFINITION 4.2: Let S = {L, (m) | fe, J, 2, ..., nj € Z, Ufe}, n 
> 3, n odd, km < n with (m—1, n) = 1, and (n, m) = I, *} bea 
loop of order n. V be a set; if forallv € Vands €S 

(i) sv, vs E V 

(ii) s; * 82 (v) = 8; v * 8) v for all s;, 8, € Sand v &€ V then 
we define V to be a loop vector space defined over the loop S. 


If V is itself a loop and V is a loop vector space we define V 
to be strong loop linear algebra. 


If on V is defined a closed binary operation and V is a loop 
vector space over S then we define V to be a loop linear algebra 
over S. 


We will give examples of them. 


Example 4.68: Let 
a, a a A “pws. a 
ay “ay : By Big. ae 


a: € Lu(7), 1 <i< 20} 


be a loop vector space over the loop S = Li3(7). 
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Example 4.69: Let 


1<i< 20} 
be a loop vector space over the loop S = L}3 (7). 


Example 4.70: Let 


a, a, a, a, 
a a a a a a a 
3 4 1 2 12 5 6 
" : | | 
a3 ayy Ary | | 4g Ayg 
415 Ate 43 Ay 


BE L\5(8), l<is< 24} 
be a loop vector space over the loop S = Lis (8). 


Example 4.71: Let 


ay a, 
a; a, a, 
T= ay, Ay 
=], As ae |,(A,,445.-429)] ; 
ay ay ay 
Ay, Ago 


aj € L43(8), 1<i< 100} 


be a loop vector space over the loop S = La; (8). 
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Consider 


ay a, a; 
P| = a, as a¢ aj € L,3(8), 1<i<9}, 
a, ag ag 


P, is a loop vector subspace of J over the loop S = Ly; (8). 


Py = {(a1, a2, ..., a0) | a; € Lag(8), 1 < i < 20} is a loop 
vector subspace of J over the loop S = La (8). 


Finally 
By) Saige «ace Ay 
ae: Ha Se Fe 

Peel ae. ae 20 || ai € La3(8), 1 Si < 100} 
Ag, Agy ++ Ajog 


is a loop vector subspace of J over the loop S. 


Clearly P; NP}= ifi#j; 1 Si,j $3 andJ =P, + P. + P3. 
Thus J is a direct sum of loop vector subspace of J over S. 


Example 4.72: Let 


a, a a, ag 
a a, ay 

M= E | a, . : s ay ay Ae 
, ) Aig Ay 18 

a; a, a7 Aig An, 
Aig Any ao, 

Ayo 5 Ax Az 


aj € L53(19), l<i< 32} 


be a loop vector space over the loop S = Ls3 (19). 
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a, a,||a 
Vie | ‘| 2 |] ai € Ls3(19), 1 <i< 10} CM, 


a, ay 
a9 
a, a, a, 4, 9 : 
V2= ’ ai € L53(19), l<is 18} 
a; Ag} (ai Ay aig 
Gi Bee ee. 5 
a a, 
V3= o| Ayn = yy wee A J] AE L;3(19), 
a, a, 
Ajg Aang ay 
1<i<27}cM 
and 
a ay ag 
a a a a ween Pt 
ae 1 ‘} 9 10 6 |) a. & Lss(19), 
a, Ay] ] 47 Ayg Ady 
45 Ap¢6 Az. 
1<i<32}cM 


are loop vector subspace of M over the loop Ls3 (19). 


ay> By 


a, a, . , see 
Clearly Vi OM Vj = ;14j 1S i,j <$ 4 and 


M c V; + V2 + V3 + V4; thus M is a pseudo direct sum of loop 
vector subspace of M. 
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Example 4.73: Let 


a; 
aa, a a a 8 
1 2 3 2 
V= : ; Ja, as 
4 5 6 
a, ag 
a, 
and 
a, 
a, a, 
a, 
W= 4/a,; a, |,(a,,a5,...,a7), 
as 4, 
ay 


ai € Lj(8), 1 $i <9} 


aj € L40(8), 1 <1<9} 


be two loop vector spaces over the loop S = Lio (8). 


Define T : V > W by 


a, a, 
a, a, a 
1 2 3 
az p- a, a, 
digo Wy dy 
as; a, 
a, 
2 
T ( ) = (aj, a2, ..., a7) and 
a, 
a, 
re ae 
3 a, 
T(ja, a; a,|)= ; 
a, as ay 
ay 


T is a linear transformation of V into W. 
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Example 4.74: Let 


a a, a, 
M= ‘ (8,545.54 ),] A, As ag |, 
a, ag ay | | ag 


a, €1 L59(25), 1 <i <9} 
be a loop vector space over the loop S = Lp (25). 
Define T : V — V as follows. 


re a, a; 
a, a, a 


p = (ai, a2, 43, a4, a5, a6) 
4 5 6 


a, a, a; 
T((ar, B95. c55%5 a6)) = ‘ 


4 a; a, 


a, 
By > igs “By a, 
T(ja, a; a, })= 
Qi; Ay a, a, 
ay 
ee 
a, a, a, a, 
Ti). ee ay... ag aig 
ag a, ag ay 
Lo 
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T is a linear operator on V. 


Define f : M — Lsp (25) 


r(? a © p =Cartaray mod 59 
dy Big “hg 


: 40 29 31 
That is f ( P 


5 > = (40 + 29 + 31) (mod 59) 


= 41, 
f ((ai, a2, ..., a6) = X a; (mod 59) 
that is 


f ((20, 4, 8, 16, 7, 1)) = (20 + 44+ 8 + 16+ 7 + 1) (mod 59) 


= 56. 


ae: oe: 
f(}a, a, a, |) =a) + as + ag (mod 59) 


wi ag ay 
that is 


40 0 2 
f(| 7 26 19|)=(40 +26 + 29) (mod 59) = 36 
6 43 29 


and 
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f (| a; |) =a) + ao (mod 59) 


f (| 21|) = (20 + 52 (mod 59)) = 13. 


Thus f is a linear functional on M. 

By using these linear functional concept is an extended way 
to any structure over which the vector space or linear algebra is 
defined. 


Example 4.75: Let 
a; ay. “ay ; 
T= where a; € L23(7),*, 1<i< 6} 


ig: ae He 


be a loop linear algebra over the loop L»3(7). 
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Example 4.76: Let 


aj € Ly0(8), *} 


We [Zax 


i=0 


be a loop linear algebra over the loop Ly9 (7). 
Ifp (x)=7+ 3x? + 5x'e Wand4e Lig (8) then 


Ap(x) =4(7 + 3x’ 45x’) 
=4*744 *3x744 * 5x3 
= (56 — 28) + (24 — 28)x* + (40 — 28)x? 
= (2741) + 25x? + 12x° 


Suppose s(x) = 6 + 2x + 9x*e W 

Now s(x) * p(x) = (6 + 2x + 9x*) (7 + 3x” + 5x’) 
=6 *7 + (2 *3)x> + (9*5)x’ 
= (56-42) + (24-14) x? + (40-63)x’ 
= 14+ 10x°+ 6x’ e W. 


This is the way operations on W, the loop linear algebra is 
performed. 


Suppose instead the polynomial has matrix coefficients we 
perform the natural product of matrices and get the loop linear 


algebra of polynomials. 


Recall if 


be column matrices with entries from Lj (3) that is 
aj, d; = L49(3); 1l< i,j <4. 
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d, a, d, *ay 
Then x *y = d, «| 22] d, *a, 
d, a; d, *a, 
d, aj d,*a, 


This is way the natural product of column matrices are 
defined. 


Suppose x = then 


RN WwW WN 


RN WwW WN 


3*2 6-6 19 
8*3 9-16 12 
1*7 21-2 19 
34 12-10 2 


This is the way natural product which is inherited from the 
loop Lig (3) is obtained. 


3 2 1 21 4 

: set 1 dS 7 3 5 2 
Likewise if x = and y = 

e 3 1 le 2 

5 7 e 4e5 
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3 2 1 2 1 4 

: 15 7 . 3. 33* 2 
x*y= 

e 3 1 1 e2 

5 7 e 4e 5 


6-6 3-4 12-2 
9-2 15-10 6-14 


1 a “629 
=o: 4 5 
19 18 10 
7 5 1 
+ ee 2B 3 

27 5 


This is the way natural product of 4 x 3 matrices with 
entries from the loop are performed. 


Finally as in case of complex groupoid vector spaces / linear 
algebras we can also in case of complex loops and complex 
quasi loops define the notion of complex loop vector space or 
complex loop linear algebra over a complex loop. 


This is a matter of routine and hence is left as an exercise to 
the reader. 


Now we can define special loop linear algebras and 
Smarandache special loop linear algebras as follows. 


DEFINITION 4.3: Let 


a; € F where F is a field and g; € L, (m) 


FL = (Sae 


i=l 
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a loop of order n+1, n > 3, n odd with (m, n)= 1 and (m-1, n) = 
1, 1<m <n, t finite} be the loop ring of the loop L over the 
field F. We call FL the special non associative linear algebra 
over the field F. If the field F is replaced by a S-ring we define 
FL to be a Smarandache special non associative linear algebra 
over the S-ring. 


These special non associative linear algebra as well as 
Smaranache special linear algebras are finite dimensional some 
commutative and a few of them satisfy special identities. 


These will be just illustrated by some examples. 


Example 4.77: Let Q be the field of rationals. L = Ljy (10) bea 
loop. QL the loop ring is a special non associative linear 
algebra which is commutative and finite dimensional over Q. 


Example 4.78: Let R be the field of reals. L = L; (3) be a loop. 
RL the loop ring which is a strong non associative linear algebra 
which is non commutative. 


Example 4.79: Let F = Q be the field. L = Ly (2) be a loop. 
FL is the strong non associative linear algebra which satisfies 
the right alternative law. 


Example 4.80: Let R be the field of reals. L = Ly3 (22) bea 
loop. RL is a strong non associative linear algebra which 
satisfies the left alternative two. 


We have the following theorem the proof of which is direct 
using the properties of the loops L, (m). 


THEOREM 4.2: Let 

L, (m) |\n > 3, n odd, 1 <m <n, (n, m) = 1 and (n, m-1) = 1} 
be the collection of all loops. F be a field. FL the strong non 
associative linear algebra. 
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(i) There exist only one loop L € L, with L = L, (n+1/2) 
such that FL is a commutative strong non associative 
linear algebra. 

(ii) There exists only one loop L € L, with L = Ly (2) 
which is such that FL is a strong non associative 
linear algebra which satisfies the right alternative 
identity (that is right alternative strong non 
associative linear algebra) 

(iii) There exists one and only one loop L € L, with L = Ly 
(n—1) such that the strong non associative linear 
algebra satisfies the left alternative identity, that is a 
left alternative strong non associative algebra. 

(iv) There exists no loop L € L, such that FL the strong 
non associative linear algebra satisfies the alternative 
identity, that is FL for no L is an alternative strong 
non associative linear algebra. 

(v) For every L € L,, the strong non associative linear 
algebra FL is always non associative. 

(vi) For no L € Ly, we have the strong non associative 
linear algebra FL is a Bol strong non associative 
linear algebra. 

(vii) No strong non associative linear algebra FL is a 
Moufang strong non associative linear algebra. 


We will give examples of S-strong non associative linear 
algebras over the S-ring. 


Example 4.81: Let P be a S-ring L = L, (m) be a loop. PL is 
the loop ring of the loop L over the S-ring P. PL is defined as 
the S-strong non associative linear algebra over P. 


Example 4.82: Let P = Z. a S-ring L = Ly (8) be a loop PL is a 
S-strong non associative linear algebra over P. Infact PL has 
only finite number of elements in them. 


Example 4.83: Let P = Z\5 be a S-ring. L = L19(3) be a loop. 
PL is a S-strong non associative linear algebra over P. 
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Example 4.84: Let P = Zo16 be a S-ring. L = Lj9(18) be a loop. 
PL is a S-strong non associative linear algebra over P. Infact L 
is a left alternative S-strong non associative linear algebra over 
P of finite order. 


Example 4.85: Let P = Z)77 be a S-ring. L = L,3 (2) be a loop. 
PL is a S-strong non associative linear algebra over the S-ring. 
Infact P is a right alternative S-strong non associative linear 
algebra over P. 


Example 4.86: Let P = Z37; be a S-ring. L = Lys (13) be a loop. 
PL is a commutative S-strong non associative linear algebra 
over P. 


The theorem stated for strong non associative linear 
algebras over a field hold good in case of S-strong non 
associative linear algebras over the S-ring. 
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Chapter Five 


APPLICATION OF NON ASSOCIATIVE 
VECTOR SPACES / LINEAR ALGEBRAS 


We see the operations or working of the models in general are 
not associative. We have situations in which the functioning of 
the model is non associative. Thus these non associative vector 
spaces / linear algebras will cater to the needs of the researcher 


when the operations on them are non associative. 


Certainly these new structures will be much useful and most 
utilized one in due course of time, when researchers scientists 
and technologists become familiar with these algebraic 
structures. Further it is needless to say the polynomials as linear 
algebras / vectors spaces are non associative finding solutions or 


solving equations happens to be a challenging research. 
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These non associative linear algebras / vector spaces using 
matrices will be useful when the working field happens to be a 
non associative one. It is pertinent to mention only when this 
study becomes familiar among researchers more and more 


applications would be found. 
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Chapter Six 


SUGGESTED PROBLEMS 


In this chapter we suggest two hundred and fourteen number of 
problems, some of which are simple, some difficult and some at 
research level. 


1. Find a groupoid of column matrices built using Zy4. 


a 
2. Let Ge= * ll a © Zis, 1 < is 4, * (6, 10)} bea 


groupoid. 
(i) Is Ga S-groupoid? 


(ii) Find order of G? 

(111) Is G commutative? 

(iv) Is G an alternative groupoid? 
(v) Is Ga Bol groupoid? 

(vi) Is G a Moufang Groupoid? 
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Give an example of a square matrix groupoid which is not 
idempotent. 


Let 
a, a, ag 
a a a 
9 10 16 : 
M = ai € Zo, | Si < 32, *, 
a7 Aig Any 
Ads A6 A39 


(2, 3)} be a groupoid? 
(i) Does M satisfy any one of the special identities? 
(ii) Can M be a S-groupoid? 


(iii) Does M contain subgroupoids? 


a, € Zn, *, (11, 33)} be a groupoid. 


Let T= [Zax 
i=0 


(i) Prove T is infinite. 
(ii) Find subgroupoids if any. 
(iii) Is T a S-groupoid? 


(iv) Can T satisfy any of the special identities? 


a, a, a, 

LetW=|a, a, a,|| a€ Zy, 15159, *, (3, 0)} be 
a, ay ay 

a groupoid. 


(i) Prove W is finite. 
(ii) Is W a S-groupoid? 
(iii) Find S-subgroupoids if any in W. 


(iv) Does W satisfy any of the special identities? 
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(v) Prove W is non associative. 


(vi) Prove W is non commutative. 


a; = (ti, b, ts, ty, ts) with t; € Zoo, 


Let S = {Sax 


i=0 


1 <j <5, *, 6, 16)} be a row matrix coefficient 
polynomial groupoid. 


(i) Prove S satisfies all special identities like Bol, 
Moufang, alternative and P. 

(ii) Is S a Smarandache groupoid? 

(i11) Prove S is non commutative. 

(iv) Find substructures in S. 


(v) Prove these special polynomial groupoids are non 
associative. 


m : , 
ai = . with m, = Zi95 1 Sj < 10, 


*, (5, 4)} be a groupoid. 


(i) Is Pa S-Moufang groupoid? 

(ii) Prove P is non commutative. 

(iii) Is P a S-groupoid? 

(iv) Find S-Bol subgroupoids if any in P? 
(v) Is P an idempotent groupoid? 


(vi) Find in P subgroupoids which are not S subgroupoids. 
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* j Ts 

Let G = yae aj = where a; € 
i=0 A, Any a3 
23; 35 Ay 


Zo, 1 <i < 40, *, (6, 7)} be a matrix coefficient 
polynomial groupoid. 

(i) Prove Gis a S-strong Bol groupoid. 

(ii) Is G a S-strong P-groupoid? 

(iii) Prove G is a S-strong alternative groupoid. 


(iv) Is G a S-strong Moufang groupoid? 


- a, a, a; 
Let M = [Zax aj =|a, as, a,| where a © Zu, 
i=0 
a, a, a 


1<i<9, *, (3, 22)} be a matrix coefficient polynomial 
groupoid. 

(i) Is M a P-groupoid? 

(ii) Is M a S-groupoid? 

(iii) Does M satisfy any of the special identities? 

(iv) Find S-subgroupoids if any in M. 


(v) Does M contain a subgroupoid which is not a 
S-subgroupoid? 


iti Tc 
a = : with m; € Z»9, *, (11, 26)} 


Let M = {Sax 
i=0 


Tg 


be a column matrix coefficient polynomial groupoid. 


(i) Is M a S-groupoid? 


166 


12. 


13. 


16. 


17. 


18. 


(ii) Is M a S-Bol groupoid? 

(iii) Is M a S-moufang groupoid? 

(iv) Find a subgroupoid in M which is not a S- 
subgroupoid. 


Find any interesting properties about matrix groupoid. 


What are the special features enjoyed by polynomial 
groupoids? 


Determine some nice properties associated with matrix 
coefficient polynomial groupoid. 


Describe some new features of non associative semilinear 
algebras. 


Let M = {Q* u {0}, *, (0, 4)} be the non associative 
semilinear algebra over the semifield S = Z* U {0}. 


(i) Find non associative semilinear subalgebras of M 
over S. 
(ii) Is it possible to write M as a direct sum of 


subsemilinear algebras? Justify your claim. 


Let P = {(a, b, c, d) la, b, c, de Z* U {0}, *, (7, 7)} bea 
non associative semilinear algebra over the semifield 
S=Z Ut}. 


Let P= 4/ a, || ae Z°U {0}, 1 <i< 10, *, (7, 9)} bea 


non associative semilinear algebra over the semifield 
S=Z' Ww {0}. 
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19. 


20. 


(1) Can P be written as a direct sum of semilinear 
subalgebras? 


(ii) Can P be written as a pseudo direct sum of semilinear 
subalgebras? 


(iii) Is P quasi simple? 


& 
pee) 

N 
pee) 

Ww 


Let M= <]a, a, a,|]| ae R°U {0}, 1 <i<9, * (24, 
a, ag ay 


7)} be a non associative semilinear algebra over the 
semifield Q* U {0}? 


a 0-0 
(i) IST= 4/0 a, O}| ae Qu {0}, 1 <is<3, *, 
0 a, O 


(24, 7)} c M; a non associative semilinear algebra of 
M over the semifield Q* U {0}. 


(ii) Prove M is not quasi simple. 


(iii) Can M be written as a direct sum? 


BE - capehs Bite 
LetM=]a,, a) «=. ay |] ae Z U {0}, 1 <i< 30, 
Gg gg. ak gy 


*, (0, 9)} be a non associative semilinear algebra over the 
semifield Z* U {0} =F. 
(i) Is S quasi simple? 


(ii) Can S be written a direct sum of non associative 
semilinear algebras over F = Z* U {0}? 


(iii) Define a semilinear operator T on S, so that T" does 
not exist. 
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21. 


22. 


(iv) Suppose Homs (S, S) is the collection of all 
semilinear operators. What is the algebraic structure 
enjoyed by Hom, (S, S)? 


B 


m, + : 
Lett T=M=4| 2 || me Z*U {0}, 1 Si< 12, *@, 


M,» 
2)} be a non associative semilinear algebra over the 
semifield S = Z* U {0}. 
(i) Write non associative semilinear subalgebras of T 
over S. 
(ii) Write T as a direct sum. 


(iii) Is T quasi simple? 


(iv) Is W= 4| 0 m;,, m € ZU {0}, *,3,2}cTa 


non associative semilinear subalgebra of T over S. 


a; a, a; 
Let M= j|a, a, a,|| ae ZU {0}, 1 <si<9, * 
Gin Bp. Bg 


(3, 10)} be a non associative semilinear algebra over the 
semifield S = Z* U {0}. 


(i) Find non associative semilinear subalgebras of M 
over S. 
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23% 


24. 


25. 


(ii) Is T = ai€ Z'U {0}, 1 <i <3, *, 


0 0 O 
0 0 0 
(3, 10)} ¢C Ma semilinear subalgebra of M over S? 


ai € Z’ U {0}, *, (3, 0)} be a non 


Let V = {Sax 
i=0 


associative semilinear algebra over the semifield S = Z* U 


{0}. 


(i) Find non associative semilinear subalgebras of V 
over S. 


(ii) Is V quasi simple? 


ai € R* u {0}, *, (2, 2)} be a non 


Let M = [Zax 
i=0 


associative semilinear algebra over the  semifield 
S=Z7" 1740}. 


(1) Prove M is a commutative non associative semilinear 
algebra. 


(ii) Can M be written as a direct sum of semilinear 
subalgebras? 


ai € ZU {0}, *, (GB, 21)} be a non 


Let M = [Zax 
i=0 


associative semilinear algebra over the semifield 
S=Z' U {0}. 


(i) Find some interesting properties enjoyed by M. 
Distinguish between usual associative semilinear 
algebra of polynomials with coefficients from Z* U 
{0} and M. 
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26. 


27. 


28. 


ay € (dj, do, ..., dio); dj € Z* U {0}, 


Let T = {ax 
i=0 


1<j< 10, *, G, mi )} be a non associative semilinear 
algebra over the semifield S = Q* U {0}. 


(i) Find the special features enjoyed by row matrix 
coefficient polynomials. 

(ii) Find non associative sublinear algebras of T over S. 

(iii) Is T quasi simple? 


(iv) Can T be written as a direct sum of non associative 
semilinear subalgebras? 


t, 


t 
ai = MeL WAT. =ATs 2% 


Let M = [Zax 
i=0 


ts 


1 <j < 15} be a non associative semilinear algebra over 
the semifield S = Z* U {0}. 


(i) Find all interesting features enjoyed by M. 


(ii) Can M be written as a pseudo direct sum of non 
associative semilinear subalgebras? 


Let W = [Zax 
i=0 


(3, 20), 1 <j < 4} be a non associative semilinear algebra 
of square matrix coefficient polynomials. 


t, t, + 
aj = where t; € Z" U {0}, *, 


t, 4 


(i) Is W quasi simple? 
(ii) Write W as a direct sum! (Is it possible). 
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29. 


30. 


Si, 


32. 


33. 


(iii) Define T : W > W so that T" exists. (T a semilinear 
operator on W). 


m, m,; Mm, 
m, m, m, 
= m m m 
7 8 9 

Let '¥ = {Sax a = m € QU 
i=0 Mio m,, M)) 
Mm); M4 m,; 


LMj6 My, Mis | 

{O}, *, (O, 19), 1 < j < 18} be a matrix coefficient 
polynomial non associative semilinear algebra over the 
semifield S = Q* U {0}. 

(i) Prove V is not quasi simple. 

(ii) Find semilinear subalgebras of V over S. 

(iii) Can V be written as a direct sum? 

Obtain some special and interesting features enjoyed by 


strong non associative semilinear algebra defined over the 
field F. 


Distinguish between strong non associative semilinear 
algebras and non associative semilinear algebras. 


Let V = {Q, *, ©, 0)} be a strong non associative 
semilinear algebra over Q. 


(i) Is it possible to write V as direct sum? 


(ii) Can V be written as a direct sum? 


Let W = {R, *, (8, 8)} be a strong non associative 
semilinear algebra over Q. 
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34. 


35. 


36. 


(i) Is W quasi simple? 
(ii) Can W be written as a pseudo direct sum of 
semilinear subalgebras? 


(iii) Find strong non associative semilinear subalgebras 
of W. 


(iv) Find T : W > W so that T" does not exist. 


Let P = {R, *, (13, 0)} be a strong non associative 
semilinear algebra over the field R. 

(i) Is P quasi simple? 

(11) Prove P is non commutative? 

(iii) Does P contain strong non associative semilinear 


subalgebras? 


Let S = {(a, a2, a3, a4, as) 1a; € R, 1 <i<5, *, (3, 2)} bea 
strong non associative semilinear algebra over the field R. 


(i) Can R be written as direct sum of subsemilinear 


algebras? 
Pi 
Let M= Pa pje Q, 1 Sis 15, *, (5, 5)} bea strong 
Pis 


non associative semilinear algebra over the field Q. 


(i) Show M is quasi simple. 
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37. 


38. 


Gi) %IsP= : aé Q, *, (5, 5)} CM a strong non 


a 


associative semilinear subalgebra of M over Q? 


Let 


ai € Q, 1 <i< 16, *, (3, 2)} 


be a strong non associative square matrix semilinear 
algebra over the field Q. 

(i) Find all special features enjoyed by P. 

(ii) Is P quasi simple? 

(iii) Can P be written as a direct sum? 


(iv) Can P be written as a pseudo direct sum? 


Let 
a, a, Aion 
aj, Ay Ax , 7 
W= a, € Q, 1 <i < 40, *, (7, 0)} 
Ay, Ago 39 
43; 39 Ag 


be a strong non associative semilinear algebra over the 
field Q. 


(i) Is W quasi simple? 


(ii) Can W be expressed as a direct sum of strong non 
associative semilinear subalgebras? 


(iii) Find a subsemilinear subalgebras of W. 
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39. 


40. 


Al. 


Let 
a a, as 
Ay Ay 16 
417 Ang Ang 
4x5 Ax 39 
Ss) Moy dag ox ag || eR, CSS 72, * Bes) 
Ay, Ayo A4g 
Ayg Aso As6 
as7 Ass 64 
As Age a7, 


be a strong non associative semilinear algebra over Q. 


(i) Prove T is commutative. 
(ii) Prove T is non associative. 
(iii) Prove T is quasi simple. 


(iv) Find a subsemilinear algebra of T over Q. 


ai € Q, *, (2, 0)} be a strong non 


Let W = [Zax 
i=0 


associative semilinear algebra over Q. 


(i) Is W quasi simple? 
(ii) Find a semilinear subalgebra of W over Q. 


(iii) Can W be written as pseudo direct sum of semilinear 
subalgebras? 


Let M = [Sax aj = (dj, db, ds, ees d;) where d, € Q, 
i=0 

1 <j <7, *, (7, 7)} be a strong row matrix coefficient 

polynomial non associative semilinear algebra over the 

field Q. 
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42. 


43. 


(i) Enumerate all the special features enjoyed by M. 
(ii) Prove M is commutative. 


(iii) Find M as a direct sum. 


Let 


S= ps ak 
i=0 


a =| m, ,meé Q, 1 <j 20, *, 00, 


M49 


12)} be a strong non associative semilinear algebra over 
the field Q. 

(i) Prove S is non commutative and non associative. 

(ii) Can S be written as a direct sum? 

(iii) Does S satisfy any of the special identities? 

(iv) Find T : S > Q so that T is a linear functional. 


(v) Find T : S 4S so that T" exist (T a semilinear 


operator). 
[ 4, d, d, 
dy ~G;. dy 
2 d, d d 
Let m= | Sa asl. SF |. ae 0. Tie 
i=0 dio diy d,, 
d,, d,, d,s 
| di. d,, dis 


18, *, (10, 0)} be a strong non associative semilinear 
algebra over the field Q. 


(i) Find strong non associative semilinear subalgebras of 
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44. 


45. 


(ii) Prove M is non commutative. 

(iii) Find f : M > Qa linear functional. 
(iv) Find the structure of Home (M, Q). 
(v) Find the structure of Homg (M, M). 


d,s Oy 
Bes d, d, d, d 

Let P= {Sax a dee Ry Le 
i=0 d, di, di, dis 
di. hee. “thes 


13 
i < 16, *, (3, 3)} be strong non associative semilinear 
algebra over the field R. 


14 15 


(i) Find substructures of P. 

(ii) Is P quasi simple? 

(iii) Prove P is commutative. 

(iv) Find f : P > R a linear functional. 


(v) Find T : P > P; T a linear operator on P. 


d, d, 
diay td 
a=|- ° | #\,dgeQis 


Let S = 3 ao 
i=0 


d,, dy, d,, dy 
j < 40, *, (20, 1)} be strong non associative semilinear 
algebra over the field Q. 
(i) Show S is quasi simple. 
(ii) Find Homg (S, Q), (that is L(S,Q)). 
(iii) Find Homg (S, S). 
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46. 


47. 


48. 


49. 


Let P = {a; € Z1, (3, 7), *} be a strong non associative 
semilinear algebra over the field Z);. 


(i) Prove P is finite. 
(ii) Does P have subsemilinear algebras? 
(iii) Can P be written as direct sum? 


Let S = {a; | a; € Zp3, *, (3, 0)} be a strong non associative 
semilinear algebra over the field Z53. 


(i) Find order of S. (Is o(S) = 237). 

(ii) Is S commutative? 

(iii) Find subsemilinear algebras of S. 

(iv) Find f : S — Z,3 a linear functional. 

(v) Find T : S > S a linear operator on S so that T" exist. 
(vi) Find Hom, , (S, Zp3). 


Let M = {a | a € Zio, *, (3, 13)} be a strong non 
associative semilinear algebra over the field Zio. 


(i) Find Hom, (M, M). 

(ii) Find Hom, (M, Zio). 

(111) Find substructures in M. 

(iv) Does M satisfy any of the special identities? 


Let P= {a, 1 a; € Za, *, (7, 0)} be a strong non associative 
semilinear algebra over the field Z43. 


(i) Find Hom, (P, P). 


Z43 
(ii) Prove P is non commutative. 


(iii) Find a subsemilinear algebra of P (Is it possible?) 
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50. 


Si. 


52. 


53. 


54. 


(iv) Does P satisfy any of the special identities? 


Let P = {(aj, a2, a3, ..., ag) | aj € Zy, *, (4, 4)} be a strong 
non associative semilinear algebra over the field Z7. 
(i) Find any of the special properties enjoyed by P. 


(11) Is P commutative? 


Let S = {(aj, a2, a3, a4, as) la; € Zi, *, (9, O)} be a strong 
non associative semilinear algebra over the field Z;). 

(i) Prove S is non commutative. 

(ii) Find a strong non commutative semilinear subalgebra 


of S over Z;. 


Let M = {(aj, a2, a3) | ai € Zr, 1 Si <3, *, (43, 29)} bea 
strong non associative semilinear algebra over the field 
Z7\. 

(i) Prove M is non commutative. 

(ii) Is T = {(a, a, a) la € Zy, *, (43, 29)} CM a string 


non associative semilinear subalgebra of M over Z7)? 


Obtain some nice properties enjoyed by strong non 
associative semilinear algebras built over the prime field 


a 
Let W=<| 7 || a € Zp, 1<i< 15, *, (9, 5)} bea 


ais 


strong non associative semilinear algebra defined over the 
field Z)3. 
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(i) Does W satisfy any of the special identities? 


(ii) Find a strong non associative semilinear subalgebra of 
W over Z)3. 


(iti) Is M = * 1) a € Zi, 1<i<5, *, 9, 5)} bea 


0 


strong non associative semilinear subalgebra of W? 
Justify your claim. 


a 


a 
55. Let S = i a € Zp, *, (1, 0)} be a strong non 


ay 
associative semilinear algebra defined over the field Zp. 


(i) Find number of elements in S. 


(ii) Can S have strong non associative semilinear 
subalgebras? 


(iti) Does S satisfy any of the special identities? 
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56. 


DT: 


nro 
1} /0 

(iv) Is T= 4/1],| 0}| *, , 0)} CS a strong non 
1]/0 


associative semilinear subalgebra? Justify. 


Let 
a a, a6 
a, ag ayy ; 4 
S= a, € Z3, 1 <i< 24, *, (2, 3)} 
a3 Ay aig 
Ajg Ago Ang 


be a strong non associative semilinear algebra defined 
over the field Z3. 
(1) Find the order of S. 


(ii) Find strong non associative semilienar subalgebras of 
S over Z3. 


(iii) Does S satisfy any of the special identities? 


(iv) Find Hom, (S, S). 


Let 
a ay a13 
a a a 
14 ts 26 : 
P ai € Zs, 1 Si < 52, *, (3, 3)} 
toy. yg a5 
Aygo Ag, + Asp 


be a strong non associative semilinear algebra defined 
over the field Z;. 


(i) Prove P is commutative. 


(ii) Find subsemilinear algebras of P. 
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58. 


59. 


60. 


61. 


62. 


63. 


(111) What is the order of P? 
(iv) Find L (P, Zs). 


(v) Find a semilinear operator T : V > V such that T! 
exists. 


(vi) If T, S, R are semilinear operators on S will be 
composition (T 0 S)o R= To(S oR)? 


as a, Ayo 
Let T= 4/a,, ay a5 || a € Z, 118 
Ha, Bg Big digg 1G. 


96 97 100 


100, *, (2, 2)} be a strong non associative semilinear 
algebra defined over the field Z;. 


(i) Find order of T. 


(ii) Is T a strong non associative idempotent semilinear 
algebra over Z3? 


Give an example of a strong non associative semilinear 
idempotent algebra built using matrices over the field Zs. 


Does there exist a strong non associative Bol semilinear 
algebra of matrices built using Z)3? 


Does there exist a strong non associative Moufang 
semilinear algebra of matrices built using Z7? 


Does there exist a strong non associative P-semilinear 
algebra of matrices built using Z19? 


Does there exists a strong non associative alternative 
semilinear algebra built using matrices over Z,? 


182 


64. 


65. 


66. 


67. 


Does there exist a strong non associative left alternative 
semilinear algebra built using Z43? 


Let 
Ay ay as 
ag Ap we Ay 
M=s/a,, 2 + a5 || a € Zu, 1 Si 25, *,(3, 29)} 
Ais ai7 Ag 
ay, Ay. Ads 


be a strong non associative semilinear algebra over the 
field Z4. 

(i) Is M finite? 

(ii) Is M commutative? 


(iii) Find strong non associative semilinear linear 
subalgebras of M. 


(iv) Find Hom, (M, M). 


(v) Find L (M, Za). 


Let T = [Zax ai € Zi, *, (3, 7)} be a strong non 


i=0 


associative semilinear algebra over the field Z),. 


(i) Prove T is infinite. 


(11) Prove T is non commutative. 


Find all interesting properties associated with S = 


i=0 


ai € Zp (p a prime), (t, u); *, t, u € Zp}, the 


strong non associative field Z,. 
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68. 


69. 


70. 


71. 


a, € Z; *, (2, 1)} be the strong non 
i=0 


Let W = [Zax 


associative polynomial semilinear algebra over Z;. 


(i) Is W commutative? 


(ii) Find semilinear subalgebras of W over Z3. 


Let S = {Zax a; € Zp, *, (1, 0)} be the strong non 


i=0 


associative semilinear algebra over the field Z). 


(1) Show S is non commutative. 


(ii) Does S have strong non associative semilinear 
subalgebras? 


aj = (M), mM, Ms, my), mj € Zs, *, (2, 2), 
i=0 


Let M = [Zax 


1 <1 < 4} be a strong non associative semilinear algebra 
over the field Zs. 

(i) Prove M is commutative. 

(ii) Is M quasi simple? 


(iii) Find subsemilinear algebra of M. 


ai = (Pi, Po, ---, Pio); pj € Zz, 1 <j < 10, 


i=0 


Let V = [Zax 


*, (2, 1)} be a strong non associative semilinear algebra 
over the field Z;. 


(i) Show V is non commutative. 
(ii) Find Hom, (V, V) =T. 


(iii) Is T a non associative algebraic structure? 
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72. 


73. 


74. 


TDs 


Obtain some interesting properties enjoyed by strong non 
associative semilinear algebras defined over Z,, p a prime. 


aj = (mM), M, M3); m, € Z71, 1 $i <3, *, 


Let S = {Sax 
i=0 


(0, 8)} be a strong non associative semilinear algebra over 
the field Z7. 


(i) Find 1(S, Z7:) =P. 


(ii) Is P a non associative structure? 


m 
2 . 
ai = . ;m € Z3, 1 <j < 20, *, 


Let W = [Sax 
i=0 
M9 


(11, 13)} be a strong non associative semilinear algebra 
over the field F = Z,3. 

(i) Find substructures of W. 

(11) Show W is non commutative. 


(iii) Find L(W, Zo). 
t 1 


t 
a=| > |;t;€ Z;,1<j<8, *, (2, 6)} be 


i=0 


Let P = {ax 


t 


a strong non associative semilinear algebra over the field 
F= Zy. 


8 


(i) Show P satisfies the idemponent identity. 
(ii) Find subsemi linear algebra of P. 


(iii) Find Hom, (P, P). 
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70. 


Td 


78. 


= i Mm, : 
Leth S5 > ax | a= ;m;€ Zs, 1<j<4, *, (2, 0)} 
i=0 M, 
m 


be a strong non associative semilinear algebra over the 
field Zs. 


(1) Show P is non commutative. 
(ii) Does P satisfy any of the special identities? 


(iii) Find Hom, (P, P). 


aj = 


Let M = [Zax 
i=0 


9, *, (2, 2)} be a strong non associative semilinear algebra 
over the field Z3. 
(i) Prove M is commutative. 


(ii) Prove M is a strong non associative idempotent 
semilinear algebra over the field Z3. 


(iii) Find L,, (M, Zs). 


d, d, 
a d 
Let S = {Sax a=] 2° “|; d€ Zu, 1<js 
i=0 : 
d d 


13 81 


81, *, (9, 3)} be a strong non associative semilinear 
algebra over the field Z),. 


(i) Does S satisfy any of the special identities? 


(ii) Is S commutative? 
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79. 


80. 


81. 


82. 


(iil) Find the algebraic structure enjoyed by Hom, (S, S). 


ii; TM, ti, 
— i m, Mm; MB, : 
Let T= 4)0a;x'| a=]. . [3 mje Zy3, 1 Sj 
= : ; : 
m, m, mM 


28 29 30 


< 30, *, (3, 7)} be a strong non associative semilinear 
algebra over the field Z,3. 

(i) Does T satisfy any of the special identities? 

(ii) Is T commutative? 


(iii) Find the algebraic structure of L (T, Zp3). 


= d, d, .. d 
Let P= {ax aj -| ° . 
i=0 dx, dy. + yo 


< 40, *, (3, 17)} be a strong non associative semilinear 
algebra over the field Zio. 


Jae Zi9, | Sj 


(i) Is P commutative? 
(ii) Does P satisfy any of the special identities? 
(iii) Can P have subsemilinear algebras? 


(iv) Find the algebraic structure enjoyed by L(T, Z,3). 


Let V = {a; | a; € Z,, (3, 5), *} be a S-non associative 
semilinear algebra over the S-ring Ze. 


(i) Find order of V. 
(ii) Can V satisfy any of the special identities? 


Let V = {a; | a; € Zi, *, (7, 6)} be a S-non associative 
semilinear algebra. 


(i) Find the special properties enjoyed by V. 
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83. 


84. 


85. 


(ii) Prove V is an S-non associative P-semilinear algebra. 


(iii) Prove V is a S-string non associative Bol semilinear 
algebra. 


(iv) Does V contain S non associative semilinear 


algebras? 


Let V = {ala € Zp, *, (7, 16)} be a S-non associative 
semilinear algebra over the S-ring Zo». 
(i) Does V satisfy any of the special identities? 


(ii) Can S have subsemilinear algebras which does not 
satisfy any of the special identities? 


(iii) Find the algebraic structure of Hom,,, (V, V). 
(iv) If W = {alae Zp, *, (3, 20)} a S-non associative 


semilinear algebra over the S-ring find 
Hom, , (V, W). 


Let 

V={alaeé Zio, (3, 8), *} and W= {alae Zio, *, (7, 4)} 

be two S-non associative semilinear algebras over the S- 

ring Zo. 

(i) Find Hom, (V,W) =T. 

(ii) Find Hom, (W,V)=S. 

(iii) Can T and S be related in any way? 

(iv) Can V and W satisfy the same special identity? 
Justify. 


Let W = {ala € Zgo, *, (7, 12)} be a S-non associative 
semilinear algebra over the S-ring Zo. 


(i) Find Hom, (W, W). 
(ii) Find L(W, Zge). 
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86. 


87. 


88. 


89. 


(iii) Does W satisfy any of the special identities? 
(iv) Prove o(W) = 86. 


Let P = {(aj, ao, a3, a4) lay € Zr, 1 Si <4, *, (6, 7)} bea 
S-non associative semilinear algebra over the S-ring Z). 


(i) Prove P satisfies all the five 5 special identities, Bol, 
Moufang, P, idempotent and alternative. 


(ii) Find Hom, (P, P). 
(iii) Find order of P. 


Let M = {(ay, ao, ..., ai2) lay € Zio, *, 1 <1 < 12, (5, 6)} be 
a S-non associative semilinear algebra over the S-ring Zio. 
(i) Find the special identities satisfies by M. 

(ii) Find L (M, Zo). 

Let R = {(a, a2, ..., ajo) | aj € Z15, 1 <i < 10, *, (3, 3)} be 
a S-non associative semilinear algebra over the S-ring Zs. 
(i) Is R commutative? 

(ii) Does R satisfy any of the known special identities? 


(iii) Find the algebraic structure enjoyed by 
Hom, . (M, M). 


Let T = {(aj, a, ..., a7) | aj © Ze, *, (4, 3)} be a non 
associative semilinear algebra over the S-ring Ze. 


(i) Is T commutative? 
(ii) Does T satisfy any of the special identities? 


(iii) Find the algebraic structure enjoyed by L (T, Z,). 
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90. 


91, 


92. 


a 
Let S = a € Zp, 1 <i< 12, *,(4, 9)} be a S-non 


aio 


associative smilinear algebra over the S-ring Z). 


(i) Find the order of S. 
(ii) Does S satisfy any of the special identities? 


(ii) Find the algebraic structure enjoyed by Hom,, (S, S). 


(iv) Can S be written as a direct sum of S-non associative 
semilinear subalgebras of S over Z2? 


a 
Let P= 4] 7 || a © Zis, 1 Sis 15, *(12, 4)} bea S- 


Ais 


non associative semilinear algebra over the S-ring Zs. 


(i) Find the special identities that are true on P. 


(ii) Prove P is a S-non associative idempotent semilinear 
algebra over Zs. 


(iti) Find L (P, Zi). 


2 


a 
Let W = 2 ae ee Fea. 1g SA * (3, 4)} be a S-non 
a, 


a, 


associative semilinear algebra over the S-ring Ze. 


(i) Find Hom, (W, W). 
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93. 


94. 


(ii) Is W a S-non associative strong Bol semilinear 
algebra? 


(iii) Can W be written as a direct sum? 


Gy ye Ag aes Big 
Let M=4|a,. a3 a4 «+ Ag || a € Zo, 151533, 
453 Ang AS wee G3 


*, (3, 10)} be a S-non associative semilinear algebra over 
the S-ring Z). 


(i) Prove M is an S-non associative idempotent 
semilinear algebra. 


(ii) Does M satisfy any of the special identities? 


(iii) Will M be a S-non associative strong Bol semilinear 
algebra over Z)? 


aj € Z15,1<i< 


Agg Ag7 Ang Aggy —Ajog 
100, *, (12, 4)} be a non associative semilinear algebra 
over the S-ring Zs. 


(i) Does M satisfy any of the special identities? 
(ii) Find Hom, (M, M). 


(iii) Find the algebraic structure enjoyed by L (M, Zis). 
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96. 


? ae € Zp, 1 <i< 16, *, 


43 Ay Als Ag 
(20, 23)} be a S-non associative semilinear algebra over 
the S-ring Zu. 
(i) Does M satisfy any of the special identities? 


(ii) Prove M is an idempotent S-non associative 
semilinear algebra over the S-ring Zuo. 


(iii) Find the algebraic structure enjoyed by 
Hom, . (M, M). 


(iv) Find the algebraic structure enjoyed by L (M, Z)). 


a, a, 
Let M = 
as .8, 


non associative semilinear algebra over the S-ring Zjo. 


ai € Zo, 1 <1< 4, *, (5, 6)} bea S- 


(i) Find the order of M. 
(ii) Can M have subsemilinear algebras? 


(iii) Prove M is a S-non associative idempotent semilinear 
algebra. 


(iv) Can M satisfy any special identity? 
(v) Can M be written as a direct sum of substructures? 


(vi) Find f : M > Zjo, f is non trivial. 
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97. 


98. 


99. 


fa, a, a. | 
a, a, 10 
Let P= 4) a, dy «= ae || a © Zu, 1 S15 25,.%, 
Aig Ay7 Ayo 
L421 29 ays | 


(16, 18)} be a S-non associative semilinear algebra of 
square matrices. 


(i) Is P an idempotent S-non associative semilinear 
algebra? 


(ii) Find Hom, (P, P). 


Z33 


(iii) Find L (P, Z33). 
(iv) What is the special features enjoyed by P? 


a, € Zp, *, (6, 7)} be the S-non 


Let M = [Sax 
i=0 


associative semilinear algebra over the S-ring Z)2. 


(i) Prove M satisfies special identities. 
(ii) Find T: M > M so that T” exists. 
(iii) Find the algebraic structure enjoyed by L (M, Z;). 


(iv) Find any special difference between M and usual 
polynomial Z; [x]. 


a, € Za, *, (2, 2)} be the S-non 


Let T = {Sax 
i=0 


associative semilinear algebra over the S-ring Za. 


(i) Prove T is commutative. 
(ii) Find Hom,, (T, T). 


(iii) What is the algebraic structure enjoyed by L (T, Z4.)? 
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(iv) Does T satisfy any of the special identities? 


a; € Zo, *, (10, 5)} be the S-non 


100. Let V -{Sax 
i=0 


associative semilinear algebra over the S-ring Zs. 


(i) Find all the special identities satisfied by V. 


(ii) Prove V is not a S-non associative semilinear 
idempotent algebra over Zs. 


(iii) Find Hom, (V, V). 


a € Zp, *, (4, 9)} be a S-non 


101,. Let P = {Sax 
i=0 


associative semilinear algebra over the S-ring Z1. 


(i) Find the algebraic structure enjoyed by Hom, (P, P). 


(ii) Prove P satisfies several special identities. 


ai € Zis, *, (11, 0)} be a S-non 


102. Let T = {Sax 
i=0 
associative semilinear algebra over the S-ring Z)s. 
(i) Find L,, (T, T). 


(ii) Which of the special identities are satisfied by T? 


(iii) Prove T is non commutative. 


ai = (di, do, ds, dy); dj € Zio, *, (8, 0), 


103. Let S = {ax 


i=0 


1 <j < 4} be a S-non associative semilinear algebra over 
the S-ring Z). 


(i) Prove S is non commutative. 
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(ii) Find Hom, (S, S). 


(iii) Find the special identities satisfied by S. 


aj = (dj, dh, ..., d,); d, © Zi5, *, (10, 6)} 


104. Let W = [Zax 
i=0 


be a S-non associative semilinear algebra over the S-ring 
Zs. Prove W satisfies several of the special identities. 


t, 
ee. ty 
105. Let M = + }°a;x' | aj = ;t;€ Zs, 1<5j< 20, *, (4, 3)} 
i=0 
bo 
be a S-non associative semilinear algebra over the S-ring 


Lo. 


(i) Is Ma S-strong bol semilinear algebra? 


(ii) Find Hom, (M, M). 


(iii) Is M an S-strong idempotent semilinear algebra? 


106. Let P = {Sax 


t 
t 
a=|t,|;t€ Za, 1<j <5, *, (10, 
t 
t 


12)} be a S-non associative semilinear algebra over the S- 

ring P. 

(i) Find Hom, (P, P) =S, what is the algebraic 
structure enjoyed by S. 

(i1) Prove P is non commutative. 


(iii) Does P satisfy any of the special identities? 


195 


d, d, d, 
= = i in d, 5 d, f * 
107. Let S = ax a=]. : d-@ 215, "44, 
i=0 : : 
dig doy dao 


12), 1 <j < 30} be a S-non associative semilinear algebra 
over the S-ring Z)5. 


(i) Is S-commutative? 
(ii) Does S satisfy any of the special identities? 
(iii) Find L (S, Zi). 


(iv) Study the algebraic structure enjoyed by 


Hom, . (S, S). 
Rie. “Wha, ay 
108. Let P = {Sax a=|m,, m, .. My |;me Zr, *, 
i=0 
His “ellis: aso Alig 


(6, 4), 1 < j < 30} be a S-non associative semilinear 
algebra over the S-ring Zp. 


(i) Does P satisfy any of the special identities? 
(ii) Find the algebraic structure enjoyed by Hom,, (P, P). 
(iii) Is P commutative? 


(iv) Does P enjoy any other special features? 


7 7 A Pa 
109. Let t= [Sax a=|d, d, d,|; dj) ¢ Zi, *, (2, 0), 
9 dtd. ids 


1 <j < 9} be a S-non associative semilinear algebra over 
the S-ring Z;;. Study and describe all the special features 
enjoyed by T. 
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m, m, mM, 
= Mm; My 2 Mj, . 
110. Let S = ax aa=| . . . {3m € Ze, *, 
ray : ; : 
Wty) Mhyg:.. - v0. Mg 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


118. 


(3, 4), 1 < j < 36} be a S-non associative semilinear 
algebra over the S-ring Ze. 


(i) Prove S satisfies several of the special identities. 
(ii) Find Hom, (S, S). 
(iti) Find L (S, Ze). 


(iv) Is S commutative? 


Obtain the special features enjoyed by double 
Smarandache non associative semilinear algebras. 


Give examples of double Smarandache non associative 
semilinear algebras. 


Give an example of a double Smarandache strong 
Moufang non associative semilinear algebra. 


Give an example of a double Smarandache strong non 
associative Bol semilinear algebra. 


Give examples of double Smarandache strong non 
associative P-semilinear algebras. 


Give examples of double Smarandache strong non 
associative alternative semilinear algebra. 


Give examples of groupoid rings which are strong non 
associative linear algebras. 


Obtain some special, distinct and interesting properties 


enjoyed by strong non associative linear algebras which 
are groupoid rings. 
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119. 


120. 


121. 


122. 


123. 


124. 


Obtain some special properties of groupoid rings which 
satisfy the special identities and which are DS non 
associative semilinear algebras. 


Mention the special features enjoyed by matrix groupoid 
rings FG which are DS non associative semilinear 
algebras where F is a S-ring. 


Study the special properties enjoyed by polynomial 
groupoid rings which are DS non associative semilinear 
algebras. 


Find applications of strong non associative semilinear 
algebras. 


Find applications of DS non associative semilinear 
algebras. 


a 4, Ay 
Ay Ay, aig : 
Let G= where a; € Z)2, 1 <i < 36, 
Aig Ago A57 
Ang Ang + 36 


* (4, 7)} be a matrix groupoid. S = Z), be the S-ring. SG 
be the groupoid ring that is SG is also a DS non 
associative semilinear algebra over the S-ring Z;2. 

(i) Does SG satisfy any of the special identities? 

(ii) Find Homgs (SG, SG). 

(11) Is SG commutative? 


(iv) Find any special features enjoyed by SG. 
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125. 


126. 


127. 


128. 


a 28, 
a, a, 
We. ae 
as: oa, ; 
Let G= a, € Zjs, *, 1 <i< 16, (11, 5), *} be 
Ay Aro 
ayy ain 
a13 ai4 
ais Ai6 


a groupoid and Q be the field. QG the groupoid ring is a 
strong non associative semilinear algebra over Q. 

(i) Is QG commutative? 

(ii) Find L(QG, Q). 

(iii) Find Homs (QG, QG). 

(iv) Does QG satisfy any of the special identities? 


(v) Prove QG is a strong non associative idempotent 
semilinear algebra over Q. 


(vi) Can QG have substructures? 


Obtain any interesting properties about groupoid rings 
which are 


(i) Strong non associative semilinear algebras over a 
field. 

(ii) DS non associative semilinear algebras over S = Z,. 

(iii) S - non associative semilinear algebras over a S-ring. 


Determine some special features enjoyed by non 
associative linear algebras. 


Find some interesting properties enjoyed by the non 


associative linear algebra L, (m), n prime over the field 
Lai: 
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129. 


130. 


131. 


132. 


Let V = {Li7 (8)} be a non associative linear algebra over 
the field Zi7- 

(i) Does V enjoy any special properties? 

(ii) Does V satisfy any special identity? 

(iii) Prove V is simple. 

Let V = {Li (6)} be a non associative linear algebra over 
the field. 

(i) Prove Lj; (6) is commutative. 


(ii) Find the number of basis of V. 


Let V = Ly (40) be a non associative linear algebra over 
the field Z,3. 

(i) Find the number of basis in V. 

(ii) Is V commutative? 

(iii) Can V have any substructures? 

(iv) Is V simple? 

Let V = {(aj, ao, ..., Aro) | ay € Ly3 (3); 1 <i < 10} bea non 
associative linear algebra over the field Z»3. 

(i) How many sets of basis are in V over Z3? 

(ii) Is V commutative? 


(iii) Can V be non associative linear subalgebras over the 
field Zo3? 


(iv) Find a linear operator T on V so that T" exists. 


(v) Obtain any other interesting properties associated 
with V. 
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133. 


134. 


135. 


Let M = {(aj, a, ..., a7) la; € L(3), 1 <i <7, *} bea non 
associative row matrix linear algebra over the field Z7. 

(i) Find a basis of M over Zz. 

(ii) What is the dimension of M over Z7? 

(iii) Find non associative linear subalgebras of M over Z,. 
(iv) Does M satisfy any of the special identities? 


(v) Find Hom, (M, M). 


Let P = {(a), a2, a3) | a; € La (3), 1 $1 < 3, *} be a non 
associative row matrix linear algebra over Z47. 

(i) Find a basis of P. 

(ii) Find dimension of P. 


(iii) Find the algebraic structure enjoyed by L (M, Z7). 


d, 
Let T = d, ||di € Zo (3) *, 1 <1 3} be a non 
d, 
associative column matrix linear algebra over the field 
Zn9. 
(i) Find dimension of T over Z29. 
(ii) Is T commutative? 


(iii) What is the algebraic structure enjoyed by 
Hom,,, (T, T)? 
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a 


136. Let P = > |\dj © Zo (7), * 1 <j < 12} be a non 


137. 


138. 


di 
associative column matrix linear algebra over the field 
Zn3. 
(i) What is dimension of P over Z23? 
(ii) Does P satisfy any of the special identities? 


(iii) Does P contain more than one non associative column 
matrix linear subalgebra over Z,3? Justify your claim. 


d 


1 
d 
Let W = : d; € Lig (10), *, 1 <j < 12} be a non 


d, 


associative column matrix linear algebra over Zj9. 


(i) What is dimension of W over Zj9? 
(ii) Is W commutative? 

(iii) Is W finite? 

(iv) Find T : W > W so that T™ exists. 


a By we Bie 
Let V= 4/4, ag + a3. |} ai € L7 4), *, 1<51< 48} 
433 zy Aggy 


be a non associative matrix linear algebra over the field 
Zh. 


(i) Find a basis of V over Z7. 


(ii) Find the number of elements in Z7. 
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139. 


140. 


141. 


(iii) Does V contain sublinear algebras? 


(iv) Find L (V, Zz). 


a, a, Ajo 
17 Ag w+ Ago - : 

Let M = 0 | la e Ls), ¥, 1 Si <8} 
a7, A «. Agy 


be a non associative matrix linear algebra over the field 
Zs, 

(i) Find a basis of M over Zs. 

(ii) Find the number of elements in M. 


(iii) Find Hom (M, M). 


ay a, a, 
LettS=j|a, a; a, |ja€ Lu (7), *, 15159} bea 
By Be By 


non associative matrix linear algebra over the field Z;). 


(i) Find dimension of S over Z;1. 
(11) Is S commutative? 


(iii) Does S satisfy any of the special identities? 


Let 
6 vf d, : 
. || dj © Liv(3), *, 1 Sj $40} be 


d5, ds. yo do 


a non associative matrix linear algebra over the field Z)7. 
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142. 


143. 


144. 


145. 


(i) Find a basis of P over Z)7. 
(ii) Is P commutative? 
(iii) Does P satisfy any of the special identities? 


(iv) Can P have more than one sublinear algebra? 


a, a, 
Let T = 
ay 2; 


associative matrix linear algebra over the field Zs. 


a; € Ls9 (30), *, 1 <i < 4} be a non 


(i) Prove T is commutative. 


(ii) Find dimension of T over Zs. 


a; € L0(15), *} be a non associative 


Let M = {Zax 
i=0 


polynomial linear algebra. 


(1) Prove M is commutative. 
(ii) Find a basis of M over Zo. 


(iii) Can M have linear subalgebras? 


a; € L, (4), *} be a non associative 


Let V = {Bax 
i=0 


polynomial linear algebra over the field Z7. 


(1) Find dimension of V over Z7. 
(ii) Is V commutative? 


(iii) Can V have substructures? 


Give any interesting properties enjoyed by the non 
associative polynomial linear algebra. 
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146. Let M = [Zax 
i=0 


147. 


148. 


ai = (dj, db, ds), d, (= Li (5), 1 <j < 3, 


*} be a non associative row matrix coefficient polynomial 
linear algebra over the field Z),. 


(i) What is the dimension of M over Z);? 
(ii) Is M commutative? 


(iil) Find the algebraic structure of Hom, (M, M). 


d, 
oo ; d . 
Let T = {Sax a=| . |, d)€ Lis (8), 1 $j <3, *} 
i=0 . 
d,, 
Sy d, d, d, d, 
and V = {ax a=|d, d, d, 4d, |, d)e Lis(7), 
i d, d, d, d 


9 10 11 12 


1 <p < 12, *} be two non associative matrix coefficient 
linear algebras over the field Zo. 


(i) Find the algebraic structure enjoyed by 
Hom, (T, V). 


Zig 


(ii) Find a linear transformation f : V > T so that f' does 
not exist. 


(iii) Compare the algebraic structure Hom, (V, V) and 
Hom, , (T, T). 


If V is a non associative linear algebra over the field Z, (p 
a prime, p 2 5). 


(i) Study the algebraic structure enjoyed by 
Hom, (V, V). 


(ii) What is the algebraic structure enjoyed by L (V, Z,)? 
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149. 


150. 


151. 


152. 


153. 


Obtain some interesting properties about non associative 
linear algebra of matrices over a field Z,, p 2 5. 


Obtain some interesting properties enjoyed by non 
associative linear algebra of matrix coefficient 
polynomials. 


do d, .. dy 
a d, d d 
Let S= [Zax a=| ~ |, dj € La3 (17), 
= e & 
do, do oa dig 


1 <j < 70, *} be a non associative linear algebra over the 
field Z.43. 


(i) Find Hom,, (S, S). 
(ii) Find Hom, (S, Za). 
(iii) Find T : S > S so that T! does not exist. 


(iv) Find T; : S > S so that T," exists. 


Let P = {L33 (17), *} be a S-non associative linear algebra 
over the S-ring Z33. 


(1) Find order of P. 

(ii) Does P satisfy any of the special identities? 
(ii) Does P have substructures? 

(iv) Find Hom, (P, P). 


Let M = {(a, b) la, b € L35 (12), *} be a S-non associative 
linear algebra over the S-ring Z35. 


(1) Find the number of elements in M. 


(ii) Can M be written as direct sum of linear subalgebras? 
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154. Let P= {(aj, ao, a3, ..., a7) lay € Zys5 (14), 1 <i <7, *} bea 


155. 


156. 


S-non associative linear algebra over the S-ring Z)5. 


(i) Find Hom, (P, P). 


(ii) Can P be written as pseudo direct sum of S-non 
associative linear subalgebras over Z)5? 


d, 
d, : 
Let V = ; d; € Ly (10), *, 1 <j < 10} be a S-non 


dio 


associative linear algebra over the S-ring Z77. 


(i) What is the dimension of V over Z77? 
(ii) Find (V, Z;7). 
(111) Find the number of elements in V. 
d, 
d, : 
Let P = ; d; € Ly (10), *, 1 <j < 10} be a S-non 


dio 


associative linear algebra over the S-ring Z77. 


(i) What is the dimension of V over Z77? 
(ii) Find (V, Z;7). 


(11) Find the number of elements in V. 
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dd, 


Ae. Gp ; 
157. Let P= : . d; = Li20 (5), * 1 Sj < 20} be a S- 


158. 


159. 


diy d5, 


non associative linear algebra over the S-ring Z,29. 


(i) Prove P is finite dimensional. 


(ii) Find Hom, , (P, P). 


(ii) Will Hom, ,, (P, P) be a non associative structure? 


(iv) Find order of P. 
d, d, d, 

Let W = a= (dy Ce va Aig | Ge 
iy?) Gigs ay: CR 


L,;5(8), *, 1 <j < 15} be a S-non associative linear 
algebra over the S-ring Z)s. 


(i) Prove V is infinite dimensional. 
(ii) Find Hom, . (V, V). 


Let 


V= [Zax 


be a S-non associative linear algebra over the S-ring Z)50. 


aj = (di, ..., dis), dj € Liso(47), *,1<j < 15} 


(i) Find L (W, Zy59). 
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160. 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


Let V be S-non associative polynomial linear algebra over 
the S-ring Z,. 


(i) Find Hom, (V, V). 
(ii) Find L (V, Z,). 


Let V be a non associative 5 x 5 matrix linear algebra 
over the S-ring Zss. 


(i) Find Hom, (V, V). 

(ii) Find L (V, Zss). 

Find the marked difference between S-non associative 
linear algebras over a S-ring and a linear algebra over a 


field. 


Find some applications of S-non associative linear 
algebras over a S-ring. 


What are the benefits of using S-non associative linear 
algebras over a S-ring? 


What are the special features enjoyed by groupoid vector 
spaces? 


What are the differences between groupoid vector spaces 
and non associative linear algebras? 


Give an example of a finite groupoid vector space. 


Describe finite groupoid linear algebras and illustrate 
them by examples. 


Let V = {5Z, 3Z, 11Z} bea set. G= {Z, *, (13, 7)} bea 
groupoid vector space over the groupoid G. 
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170. 


171. 


172. 


(i) Write V a direct sum of groupoid vector subspaces 
over G. 


(ii) Write V as a pseudo direct sum of groupoid vector 
subspaces over G. 


(iti) Find Homg (V,V). 


Let V = {10Z, 19Z, 3Z} be a groupoid vector space over 
the groupoid G. 
(i) Find L (V, G). 


a, 
aj. Hig Gy 
a, 
Let V = {(ai, a2, ..., aio), |. |, ]4, a, ag || ae Z; 1 
a, ag ay 
a 


< 10} be a groupoid vector space over the groupoid G 


<i 
= {Z, *, (3, 13)}. 


(i) Write V as a direct sum. 
(ii) Find subgroupoid vector subspace (Does it exist?). 


(iii) Find the algebraic structure enjoyed by L (V, Z). 


Let 
ay 
a, By @ 
1 2 3 
ay a; a, 19 
V= )a, as ay |, 3 
a; ay ayy Ay 
dy By Ay 
a 


a, € Z, 1 <i < 40} be a groupoid 


437 43g Azg 9 Ag 


vector space over the groupoid G = {Z, *, (11, 11)}. 


210 


173: 


174. 


(i) Find Homg (V, V). 
(ii) Write V as a pseudo direct sum. 


(iii) Write V as a direct sum. 


a; a, 19 
Let V=4/ a, ap «+ ag|| ae Z, 151530} bea 
Days By <a 


groupoid linear algebra over the groupoid G = {Z, *, (3, 
13)}. 
(i) Find Hom (V, V). 


(ii) Write V as a direct sum. 
(Is it possible?) 


(iii) Can V be written as a pseudo direct sum? 


Give some nice results about groupoid vector spaces / 
linear algebras over the groupoid G = {Z, *, (t, u)}. 


a a a a a a a 
1 2 3 20 5 6 7 8 
Let V = } p) 
Ax, An, Ag; Ay |] 4 Ay Ay AyD 
43° 4 5 Aye 
a, || a, ay 4, 


> : : a, € Zog, 1 < 1 < 40} be a 


45 | L4rg Ang = 39 


groupoid vector space over the groupoid G = {Zhs, *, (7, 


0)}. 


(i) Find number of elements in V. 
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176. 


177. 


(ii) Write V as a direct sum. 


(iii) Find Hom,, (V, V). 


Let M = , where a; € 


Aig Ayo as, Ay, a5, Ay, 


Ays Ang Anz Ang Any Agy 
43, Az, 33, zy 35 Axe | 


Za3, *, (7, 0), 1 <i < 36} be a groupoid linear algebra over 
the groupoid G = {Zy, *, (7, 0)} 


(i) Find Hom (M, M). 
(ii) Find L (M, G). 
(iii) Is it possible to write M as a direct sum? 


(iv) Does M satisfy any of the special identities as a 


groupoid? 
(v) Does M contain any proper groupoid linear 
subalgebras? 
Let 
a, a, 
a, a a a, a 
1 2 10 3 4 
a, 1 aio Ax 
Ay, Any 
a, a, a, 


Ay Ag Ay |,(Ap Ago 8j5) | BS Zs, | S15 22} bea 
a; ag Ay 


groupoid vector space over the groupoid G = {Zy43, *, (3, 
140)}. 


(i) Does V contain any substructures? 
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178. 


179. 


(ii) Will V satisfy any of the special identities? 
(iii) Write V as a direct sum. 


(iv) Write V as a pseudo direct sum. 


Let 
a, on’ ie: Need: ake 
a a, a ay Sig. ee 
2 yp 9 Arp 16 
V= {GijsSis accede) : ’ } 
; eg) Aig es An, 
40 ae 


a; € Zag, 1 <i < 40} be a groupoid vector space over the 
groupoid G = {Zyag, *, (7, 142)}. 

(i) Write P as a direct sum. 

(ii) Write P as a pseudo direct sum. 

(iii) Find Hom (P, P). 

(iv) Find the algebraic structure enjoyed by L (P, Zag). 


Let 
a, 
ey Eee a, a a 
1 2 12 2 
M=,/a,; a, { } A 
a3 ayy An, 
as; a 
Ayo 
a, a, a3 
(Aj 5A55-008)5)s| Ay Bs ag || @ EZ, 151840} bea 
ag By Hy 


groupoid vector space over the groupoid G = {Z), *, 
(6, 0)}. 


(i) Prove M is a non associative and non commutative 
structure. 


(ii) Is M a direct sum? 
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180. 


(ii) Can M have substructures? 
(iv) Find Hom (M, M). 
(v) Find L (M, Z,). 


Let 
a a, Ang 
aa,a a a a 
1 2 a3 u 12 20 
ual(t a) fes oe = a 
a, a; a, 
Ag, gn + Ajgg 
a; 


a, a a 
: | i (a,,85,-..,455)] ai € Z3, 1 <i < 100} bea 
da ay : 


A46 
groupoid vector space over the groupoid G = {Z, *, (2, 
Dts 
(i) Prove M is finite. 
(ii) Write M as a direct sum. 
(iii) Can M satisfy any of the special identities? 


(iv) What is the algebraic structure enjoyed by 
Hom (M, M)? 


a, 
aoa a a M2 83 
1 2 10 2 
Let W = } ,|a, a, a, aj 
a, ain An 
a, ag ay 
aio 


€ Zy5, | < i < 20} be a groupoid vector space over the 
groupoid G = {Zys, *, (20, 6)}. 


(i) Find the number of elements in W. 


(ii) Write W as a pseudo direct sum. 
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182. 


183. 


184. 


(iii) Find the algebraic structure enjoyed by 
Homg (W, W). 


a 
Let V = % a, € Za, (40, 4), 1 <i< 


16, *} be a groupoid linear algebra over the groupoid Z43. 


(i) Does V satisfy and special identity? 
(ii) Prove V is non commutative. 


(iii) Can V have substructures? 


6 a; ag A 
: . . aj € L455 (20, 26), 1<i< 


437 43g 3g Ag 


40, *} be a groupoid linear algebra over the groupoid G = 
{Zas, *, (20, 26)}. 
(i) Find Hom (M, M). 


(ii) What is the algebraic structure enjoyed by L (M, Z,5)? 


(iii) Does the groupoid linear algebra satisfy any of the 
special identities? 


Let P -{S a,x’ a, € Zaz, *, (3, 46)} be a groupoid linear 
i=0 


algebra over the groupoid G = {Zay, *, (3, 46)}. 


(i) Find substructures of P. 
(ii) Is P a commutative groupoid linear algebra? 
(111) Can P be written as a direct sum? 
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185. 


186. 


187. 


ai = (Pi, P2, pz, Pa) and d; 


Let M = {Bax Soa 
i=0 i=0 


b 


1 


b, | where p,, bk € Zso, 0515 4,0Sj<8 1<ts4,1¢ 
b, 
k < 3} be a groupoid vector space over the groupoid G = 
{Zso, *, (10, 0)}. 
(1) Write M as a direct sum. 
(ii) Can M have more than three substructures? 
(iii) Find Hom (M, M). 
yi 
9 . 10 . 11 . 10 . y, 
Let W =5)'q:x',>0b.x',)0dx',> px | a=] |. be 
i=0 i=0 i=0 i=0 : 
Yio 


a a, a, 
a, a, a, a, a 
-( fee Se ‘|. a= a, a, a], pi=(t. b, 
a a, ag ay Ajo 
a, ag ay 
.5 to) withO<j<9,0<t<10,1<r<11,0<1<10;1 
<i< 10, 1l<k< 10, 1 <j < 10, ai, Gj, Ye € Zs} be a 
groupoid vector space over the groupoid G = {Zs, *, (2, 


eye 


(i) The number of elements in W is finite. 
(ii) Write W as a direct sum. 


(iii) Express W as a pseudo direct sum. 


a; € Zio, *, (16, 4)} be a groupoid linear 


Let T = s Ax 
i=0 


algebra over the groupoid G = {Zio, *, (16, 4)}. 
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188. 


189. 


190. 


191. 


(i) Show T is non commutative linear algebra. 
(ii) Does T satisfy any of the standard identities? 


(iii) Can T be written as a direct sum of groupoid linear 
subalgebra. 


(iv) Find L (T, Zio). 


Obtain the major difference between groupoid vector 
spaces and complex groupoid vector spaces. 


Mention any special property enjoyed by complex 
groupoid vector spaces built using 
C(Z,). 


Let V = {C (Zao), *, (3, 10)} be a complex groupoid linear 
algebra over the groupoid G = {Za0, *, (3, 10)}. 

(i) Find the number of elements in V. 

(11) Give a basis of V over G. 


(iii) Find Hom (V, V). 


Let W = {(aj, a2, a3) 1a; € C (Zuo), i, = 39, *, (20, 20)} be 
a strong complex groupoid linear algebra over the 
complex groupoid C(G) = {C (Zao), *, (20, 20), it = 39}. 
(i) Find a basis of W over C(G). 


(ii) Can W have strong complex groupoid linear 
subalgebras? 


(iit) Find Hom (W, W). 
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a, a, a, : 
192. Let M= {(ay, a2, a3) * aj € C (Z43), 1<i< 
a a 


193. 


3 ay 
a, 


4, i2= 42} be a complex groupoid vector space over the 
groupoid {Z43, *, (10, 3)}. 

(i) Prove M is finite. 

(ii) Write M as a direct sum. 


(iii) Find Hom (M, M). 


a, 
aoa, .. a a 
1 2 10 2 
Let P = } J |,(a,,45,---,455) Where 
a, Ay Ay : 
a 


12 

ai € C (Z3); 1 <i S 25, i = 22} be a strong complex 
groupoid vector space over the complex groupoid C (G) = 
{C (Zp3), a (3, 14), i; = 22h 


(i) Show P has only finite number of elements. 


(ii) Express P as a direct sum of strong complex groupoid 
vector subspaces. 


(iii) Show P has pseudo complex strong groupoid vector 
subspace over H = {Zp3, *, (3, 14)}. 
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a, 
4 a; ay a5 
2 
194. Let W = {(aj, a2, ..., a0), © |] ie 817+ Ago | fa’ E 
a3, 39 ays 


195. 


196. 


45 
C (Zaz), if = 12, 1 <i < 45} be complex groupoid linear 
algebra over the groupoid G = {Z,3, *, (10, 4)}. 
(i) Find the algebraic structure enjoyed by 
(a) L (W, Z3). (b) Hom, (W, W). 


Zi3 


(ii) Does W have a basis over the groupoid G? 


a a, .. ap 
a a ee oe 
13 14 24 . “ 
Let P = ai € C (Zis), i, = 14,1 Si 
A55 An6 A536 
437 zg Ags 


< 48, (12, 4), *} be a strong complex groupoid linear 
algebra over the complex groupoid 

C(G) = {C (Zis), *, (12, 4)}. 

(i) Find the number of elements in P. 


(ii) Find a basis of P over C(G). 


(iii) Find a strong complex groupoid linear subalgebra of 
P over the complex groupoid C (G). 


a, a, a, a, 
Let W = j/a, a, a, a, |lai © C(Zm), iz = 39, 
Ay Ay Ay AyD 
a, a, 
a 
1 <i< 12, (, 19), *} and P= ume || a - @ Fr 
any aio 
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197; 


198. 


199, 


i = 39, 1 <i < 12, (3, 19), *} be two strong complex 
groupoid linear algebras over the complex groupoid C(G) 


{C (Zuo) = {a + big | i; = 39, a, b © Zuo}, *, (3, 19)} 
(i) Find T: W > P so that T” exists (T a linear 
transformation of W to P). 


(ii) Find f : P > W a linear transformation of P into W so 
that f' does not exist. 


(iii) Find Hom (W, P) and Hom (P, W). 


(iv) Does there exist any relation between L (P, C(G)) and 
L (W, C(G))? 


Let 
a, 
a a a a a a a 
1 2 2 2 a3 ay 
P= | : ’ ytoenty)| | 
ae Gy.) | 3 fa Me ae By, 
Ayo 


where aj € C (Zj4); 1 < i < 10, i: = 13} be a strong 
complex groupoid vector space over the complex 
groupoid C (G) = {C (Zi4) = {a + big | ip =13,a,be 
Zug}, *, OG; 2) 

(i) Find a basis of P over C(G). 

(ii) Find the number of elements in P. 

(iii) Write P as a direct sum. 

(iv) Find L (P, C(G)). 


Mention some special features enjoyed by loop vector 
spaces defined over the loop L,(M). 


Let V = {(a, b) la, b € Lio (8), *} be a loop linear algebra 
over the loop Lig (8) = L. 
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200. 


201. 


202. 


(i) Find the number of elements in V. 
(ii) Find a basis for V over L. 
(iii) What is the dimension of V over L? 


(iv) Find Hom, (V, V). 


a, a, a, 
ay a, a, : 
Let S = | 2 jf aq as ag | fai € Lo3(7); 1 Si 
a, a, : 
a. Ag. “dy 
a1 


< 10} be a loop vector space over the loop L = Ly3 (7). 
(i) Find a basis of S over L. 


(ii) Write S as a direct sum of loop vector subspaces of 
S over L. 


(iii) Write S as a pseudo direct sum of loop vector 
subspaces of S over L. 


(iv) Find L (S, L). 


Derive some interesting features enjoyed by strong loop 
linear algebras. 


dy) <BR Bigs iy 
a, : : F P 
Let P = {(aj, a, ..., ajo), fal : : + oy 
a3 ai4 ais Ai6 
as 
a, a, 
a, a, Aro 
a, a, : 
sl Bag yg: aie gg | | AS LO), DSS 30} be 
as ag 
Ay, Agy a3 
a, a, 


a loop vector space over the loop Lo(5) = L and 
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203. 


204. 


205. 


206. 


207. 


208. 


Ais 
a a, }) a a, a6 
a a a a rae | 
3 4 7 8 12 ; 
|. 7 5 aj € L,(5), l<is 30} be 
De Geel pte: ee" kee 4 
a, ag Ar5 Ang ++ G9 


a loop vector space over the loop L = L,(5). 


(i) Define T:P —-M so that T! does not exist. 
(ii) Study the algebraic structure enjoyed by Hom (M, P). 
(iii) What is the algebraic structure of L (M, L)? 


Give an example of a loop linear algebra over a loop 
L=L, (m). 


Give an example of a strong non associative linear 
algebra which satisfies Moufang identity. 


Does there exist a strong non associative linear algebra 
which satisfies Bol identity? 


Give an example of a strong non associative linear 
algebra which satisfies the Burck identity. 


Obtain some interesting properties enjoyed by S-strong 
non associative linear algebras over a S-ring. 


Give an example of a commutative S-strong non 
associative linear algebra of finite order over a S-ring. 
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209. 


210. 


211. 


212. 


213. 


214. 


215. 


Give an example of a right alternative S-strong non 
associative linear algebra over a S-ring. Can that ever be 
commutative? (justify). 


Does there exists an alternative S-strong non associative 
linear algebra over a S-ring? 


Does there exist a Burck S-strong non associative linear 
algebra defined over a S-ring? 


Does there exist a Moufang S-strong non associative 
linear algebra defined over a S-ring? 


Does there exist a Bol S-strong non associative linear 
algebra defined over a S-ring? 


Give an example of a S-strong non associative linear 
algebra which is right alternative over S-ring. 


Let V = a; € Le3(11), *, 1 <i <9} bea S- 
non associative linear algebra over the S-ring Z¢3. 


(i) Find dimension of V. 
(ii) Find a basis of V. 
(111) Can V have more than one basis? 


(iv) Find sublinear algebras W and a basis of that W. 
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(v) Is M = a € La(ll), *} Cc Va 


sublinear algebra? 
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